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ABSTRACT 


Title of dissertation: The Relative Lie Algebra Cohomology 

of the Weil Representation 

Jacob Ralston, Doctor of Philosophy, 2015 

Dissertation directed by: Professor John Millson 

Department of Mathematics 

We study the relative Lie algebra cohomology of so(p, q) with values in the Weil 
representation zu of the dual pair Sp(2fc, M) x 0(p, q). Using the Fock model dehned 
in Chapter [2| we hlter this complex and construct the associated spectral sequence. 
We then prove that the resulting spectral sequence converges to the relative Lie 
algebra cohomology and has Eq term, the associated graded complex, isomorphic 
to a Koszul complex, see Section 13.41 It is immediate that the construction of 
the spectral sequence of Chapter [3] can be applied to any reductive subalgebra 
0 C sp(2fc(p + g),M). By the Weil representation of 0{p,q), we mean the twist of 
the Weil representation of the two-fold cover 0(p, q) by a suitable character. We do 
this to make the center of 0{p,q) act trivially. Otherwise, all relative Lie algebra 
cohomology groups would vanish, see Proposition 14.10.21 

In case the symplectic group is large relative to the orthogonal group {k > pq), 
the Eq term is isomorphic to a Koszul complex dehned by a regular sequence, see 13.41 
Thus, the cohomology vanishes except in top degree. This result is obtained without 
calculating the space of cochains and hence without using any representation theory. 








On the other hand, in case k < p, we know the Koszul complex is not that of a 


regular sequence from the existence of the class pkq of Kudla and Millson, see |KM2] , 
a nonzero element of the relative Lie algebra cohomology of degree kq. 

For the case of SOo(p, 1) we compute the cohomology groups in these remaining 
cases, namely k < p. We do this by hrst computing a basis for the relative Lie algebra 
cochains and then splitting the complex into a sum of two complexes, each of whose 
Eq term is then isomorphic to a Koszul complex dehned by a regular sequence. 

This thesis is adapted from the paper, |BMRj . this author wrote with his 
advisor John Millson and Nicolas Bergeron of the University of Paris. 
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Chapter 1: Introduction 


1.0.1 Results for SO(p, q) x Sp{2k, M) for large k or large p. 

We let (V, ( , )) be a real vector space of signature (p, q). We will consider 
the connected real Lie group G = SOo{p,q) with Lie algebra 5o{p,q) and maximal 
compact subgroup K = SO(p) x SO{q). Let Vk be the space of all holomorphic 
polynomials on {V ® C)^, see Section [2^21 We will consider the Weil representation 
with values in Vk- 

We hrst summarize our results obtained for general p, q. In what follows, the 
qafj, are the quadratic polynomials on {V 0 C)^ dehned in Equation fl3.18l) and vol 
is dehned in Equation 02.41) . 


1.0.1.1 Results for large k. 


Theorem 1.0.2. Assume k > pq. Then we have 

0 if £ ^ pq 

(Rfc/(gi,p+i, • • •, qp,p+q))^vo\ ifi = pq. 


H\so{p,q),SO{p) X SO(g);Pfc) = < 


In fact, we show that the top degree cohomology never vanishes. That is, 
iL^'^(so(p, q), SO(p) X SO{q);Vk) 7 ^ 0. The key point of this theorem is the vanishing 
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in all other degrees. 


Remark 1.0.3. There are some known vanishing results, for example that the rel¬ 
ative Lie algebra cohomology will vanish in all degrees below the rank of the group, 
in this case q, see for example JBorW^ . The above theorem implies vanishing below 
degree q. 


1.0.3.1 Results for large p. 


Theorem 1.0.4. If p > kq, then 


' 

nonzero if ^ = kq, pq 


H\50{p,q),SO{p)xSOiqy,Vk) = 


unknown if kq < i < pq 


0 otherwise. 

Remark 1.0.5. The nonvanishing of the cohomology class of (pkq, defined in Equa¬ 
tion (Ea, in cohomological degree kq, was already known but this nonvanishing 
required the general theorem of Kudla and Millson that ipkq is Poincare dual to a 
special cycle. Then one also has to show the special cycle is nonzero in homology. 
The proof in this thesis is the first local proof of nonvanishing. 


1.0.6 Results for SOo(n, 1) for all i and k. 

For the case of SOo(n, 1), we compute the cohomology groups 
H^{so{n,l),SO{n)-,Vk) in the remaining cases, namely k < n. In the following 
theorem, let (pk be the cocycle constructed in the work of Kudla and Millson, |KM2j , 
see Section |4^ Equation fl4.8l) . In what follows, c\,... ,Ck are the cubic polynomials 
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on iy ® C)^ defined in Equation fl4.25l) . qi,... ,qn are the quadratic polynomials on 
iy ® C)^ defined in Equation (13.181) . and vol is as defined in Equation (12.41) . Note 
that statement (3) of the following theorem is a consequence of Theorem 11.0.21 

Theorem 1.0.7. 


1. If k < n then 


i/^(so(n,l),SO(n);n) 


IZkifk if i = k 

^ Sk/{ci ,... ,Cfc)vol ifi = n 


0 otherwise 


2. If k = n then 


//'( 50 (n,l),SO(n);n) 


77fcy^fc©‘5fc/(ci,...,Cfc)vol if£ = n 

< 

0 otherwise 


3. If k > n 


H^{so{n, 1), SO(n);Pfc) 


■ ■ ■ ,gn))^vol ifi = n 

< 

0 otherwise 


The chart at the top of the next page summarizes Theorem 11.0.71 The symbol 
• means the corresponding group is non-zero. 

The cohomology groups H^^so^n, 1), SO{n);Vk) are sp(2fc, M)-modules. We do 
not prove this here, but we will now describe these modules. The key point is that the 
cohomology class of is a lowest weight vector for sp{2k, M). If A; < 2:^, then as 
an sp(2A;, M)-module IZkl’k is isomorphic to the space of MU(A;)-£nite vectors in the 
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n 


n — 1 0 0 

n — 2 0 0 


2 

1 


0 

0 


= 0 


k = 1 


0 

• 

0 

0 

2 



0 #00 
• 0 0 0 

0 0 0 : 

0 0 0 0 

0 0 0 0 

0 0 0 0 

n — 2 n — 1 n n + 1 


0 

0 

0 

0 

0 


H^{5o{n, 1), SO(n);Pfc) 

holomorphic discrete series representation with parameter • • • , If k < n, 

then the cohomology group H^(^so{n,l),SO{n)-,Vk) is an irreducible holomorphic 
representation because it was proved in |KM2j that the class of (fk is a lowest weight 
vector in H^(^5o{n, 1 ), SO{n);Vk) ■ On the other hand, the cohomology group 
hr”(so(u, 1), SO{n);Vk) is never irreducible. Indeed, if fc < n then 
hf"'(5o(n, 1), SO(n); Pfc) is the direct sum of two nonzero 3p{2k, M)-modules if” and 
if” and if k = n, then ii"'(5o(n, 1), SO(n); Pfc) is the direct sum of three nonzero 
sp(2fc, M)-modules if”, if”, and Tlk{V)(pk- 

1.0.8 Outline of paper 

The main results of this paper are all proved in a similar fashion. We will 
hlter the relative Lie algebra complex (to be referred to as “the complex” from now 
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on) using a filtration induced by polynomial degree in Section 13.21 There is then a 
spectral sequence associated to any, and hence this, hltered complex, see Section [3Tl 
We then dehne what a Koszul complex is in Section 13.41 We see that the Eq page of 
our spectral sequence is isomorphic to a Koszul complex in Subsection 13.4.31 There 
are results about the cohomology of a Koszul complex when the dehning elements of 
the Koszul complex form a regular sequence, see Section 13.41 Then we use general 
spectral sequence facts, see Section 13.1.111 to deduce facts about the relative Lie 
algebra cohomology from the cohomology of the Eq term, a Koszul complex. 

1.0.9 The theta correspondence 

We now explain why it is important to compute the relative Lie algebra coho¬ 
mology groups with values in the Weil representation for the study of the cohomology 
of arithmetic quotients of the associated locally symmetric spaces. The key point is 
that cocycles of degree i with values in the Weil representation of Sp(2fc, M) xO(p,g) 
give rise (using the theta distribution d) to closed differential 1-forms on arithmetic 
locally symmetric spaces associated to such groups G. This construction gives rise 
to a map 9 from the relative Lie algebra cohomology of G with values in the Weil 
representation to the ordinary cohomology of suitable arithmetic quotients M of the 
symmetric space associated to G. This reduces the global computation of the coho¬ 
mology of M to local algebraic computations in ®Vk- For all cohomology 

classes studied so far, the span of their images under 6 is the span of the Poincare 
duals of certain totally geodesic cycles in the arithmetic quotient, the “special cy- 
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cles” of Kudla and Millson. Furthermore, the rehned Hodge projection of the map 6 


has been shown in [BMMlj and [BMM2j to be onto a certain rehned Hodge type for 
low degree cohomology. In particular, for Sp(2A;, M) x 0(?7,, 1), it is shown in |BMM1] 
that this map is onto H^{M) for ^ f • We now describe such a map in more detail. 

We introduce the Schrodinger model to describe one such map more easily. 
Let be the space of rapidly decaying functions on the real vector space 

Then there is a map, the Bargmann transform /3, from Vk —t S{V^), see [Fo] pages 
39-40. It sends 1 to the Gaussian and, more generally, Vk to the span of the hermite 
functions. 

Given a discrete subgroup F C G, let M be the associated locally symmetric 
space M = V\G/K and tt : D — )■ M be the quotient map. Take / G Vk, F C G and 
a F-stable lattice C dV^. Then dehne 9c to be the map which sends / to /5(/) and 
then sums its values on the lattice. That is, 

«£(/) = Ew)W- 

i&C 

Then this map is a F-invariant linear functional on Vk, 

9c '■ Vk ^ C. 

Thus, we have the sequence of maps 

c^Q, K- Vk) = A*{D, Vk)^ A*{D, Vk)^ ^ A^{D, M)^ = A*{r\D), 
which induces a map on cohomology 

{9c). : H\g,K-,Vk) ^ H\M,C). (1.1) 
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The main goal is then to hnd more classes in H^{q, K]Vk) which map, under 
appropriate choices 9^, to nonzero classes in It follows from the theory 

of the theta correspondence that for oj G H^{q, K;Vk), we have 9c*{uj) is an auto- 
morphic form on r'\Sp(2fc, M)/U(n) with values in for T' C Sp(2/c,M) a 

suitable lattice, see |KM2] . 

We will describe some features of the image of the map (actually maps) 6** in 
subsubsection II. 0.12. II 

1.0.10 Motivation 

The relative Lie algebra cocycles of Kudla and Millson, tpkq and (pkp (and their 
analogues for U(p, q)), and their images under the theta map (actually, theta maps) 
have been studied for over thirty years. The motivation is from geometry and 
we discuss here one of their geometric properties. Let (pg G H'^{so{p,q),SO{p) x 
SO{q);Vk) where V = be given by (see Section [2^2] for dehnitions of z,uj) 

^ ^ ^ai ■ ■ ■ ^aq^ai,p+l A • • • A ^^aq,p+q- 

l<ai ,...,ag<p 

Then dehne pkq ^ iL^'^(so(p, g), SO(p) x SO{q)]Vk) by taking the “outer” 
wedge (see Equation fId.Op i of ipg with itself fc-times 

Pkq ’pq A • • • A Pq- (1.2) 

We say a vector x = (xi,..., Xk) G has positive length if the Gram matrix 
(the matrix of inner products (3 = {xi,Xj)) is positive dehnite. Now let x G E(Q)^ 
be a rational vector of positive length. Let T be a discrete subgroup of SOo(p, g) 
and Tx be the stabilizer of x. 
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Recall the symmetric space D is the subset of the Grassmannian Grq(l/) given 
by 

D = {ZcGt,{V):{, )\z«0}. 

Let Zq E D he the subspace spanned by the Cp+i,..., We dehne the totally 
geodesic subsymmetric space Dx C -D by 

Dx = {Z E D : Z ± span(x)}. 

Finally, we dehne the special cycle Gx by 

C^ = 7r{D^). 

We let (p E A^{D, be the image of ip E C^{g, K; V) under the isomorphism 
of Proposition 12.1.51 Then dehne 

0fcg(x,Z)= ^ (pfcg( 7 "^X,Z). (1.3) 

76 rx\r 

Then we have the following theorem of Kudla and Millson, [KM2] . 

Theorem 1.0.11. Fix x G of positive length. Then 

1. 0fcq(x, F) extends to a non-holomorphic Siegel modular form 0fcq(x, F, r) of 
weight for r in the Siegel space §g. 

2. Z, r) is a closed differential form in the Z variable. 

3. The cohomology class of Z, t) is a nonzero multiple, depending on x 

and T, of the Poincare dual of the special cycle C^. 

Remark 1.0.12. The closed form 0fcg(x, Z, r) does not depend holomorphically on 
T, however its cohomology class is holomorphic in r. 






1.0.12.1 The classes (t)kq{^^ r) and the subspace of the cohomology 
they span 

In what follows we will ignore the fact that to get cocompact subgroups of 
SO(p, q) for p+q > 4 we must choose a totally-real number field E and use restriction 
of scalars from E to Q. Hence for p + q > A the manifolds M dehned below will 
have finite volume but will not be compact. We leave the required modifications to 
the expert reader. 

We dehne a family of discrete subgroups T depending on a choice of positive 
integer N and a lattice L'mV^. Let L G be a lattice and be a positive integer. 
Then NL is the sublattice of all lattice vectors divisible by N. We then have the 
hnite quotient group L/NL. Let G{L) denote the subgroup of G that stabilizes the 
lattice L. Then G also stabilizes the sublattice NL and consequently we have a 
homomorphism 

TT : G{L) -^Ant{L/NL). 

Definition 1.0.13. We define T to be the kernel of tt, that is T is the congruence 
subgroup of G{L) of level N. 

Recall that M is the quotient M = r\D. Recall the family of closed forms 
Z, t) ou M associated to the cocycle Pqk dehned in Equation fll.dp . Fix x G 
with (x, x) positive dehnite. 

We now show that for all x, r the classes [b(x, Z, r)] lie in the subspace (rehned 
Hodge summand) SH^'^{M) of to be dehned immediately below. 
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What follows is an expanded version of the discnssion in |BMMlj . page 7. In 
the following discnsssion, recall we have the splitting (orthogonal for the Killing 
form) 0 = f © po, and let p denote the complexification of po- 

Since p = f + © K_ © C, where V splits natnrally as K+ © K_, the gronp 
SL(g, C) = SL(K_ © C) acts on p and hence it acts on /\\p) for all j. 

Definition 1.0.14. The invariant snmmand S ^\p) is defined by 

^A7p) = (A'l©''''"''’- 


We have an analogons definition of S ^ (p*) C A©-). 

A kq 

(p) to Pol( W), the cocycle (fkq factors throngh 

A j A 

(p) (of A (p)). We will denote the space of snch cocycles by 
SC^^{5o{p,q), SO{p) X S'O(g); Pol(K^)), to be abbreviated SC^'^. 

We then have the snbbnndle S l^{T*{D)) given by 


Definition 1.0.15. 


S/\'(T-(Z))) = (GXi-S/\'(p-)). 

Since the snbspace S ^ (p) is invariant nnder the Riemannian holonomy gronp 
K = SO{p) X SO{q), the space of sections of the snbbnndle S ^ {T*{D)) is invariant 
nnder harmonic projection. We will dehne the snbspace to be the snbspace 

of those u G snch that the harmonic projection of some representative closed 

form is a section of the snbbnndle S l\(r(D)). 

It is obvions that the cocycle (pq belongs to SC^ and hence its onter exterior 
powers pkq belong to SC^^. Hence the fcg-forms (j)kq{'^, Z, t) defined in Eqnation 
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A kq 

(T*{M)) and hence their harmonic projections are also 

A kq 

(T*{M)). We obtain 

Lemma 1.0.16. 

We can now describe the subspace of the cohomology of that can 

be obtained from the cocycle (fkq- The following theorem follows from Theorem 
10.10 of |BMMlj . For the description of the Euler class e^, see [BMMl] page 6 and 
subsection 5.12.1. 

Theorem 1.0.17. The special subspace of is generated by the 

products of the classes [0jq(x, Z, r)], I < j < k, with the powers of the Euler class 
Cq as X and r vary. 

1.0.18 Further results 

In a paper in preparation with Yousheng Shi, we have shown that in case 
k = l, U{sl{2,R))ifq = H'i{5o{p,q),SO{p) X SO(g);Fi). 

Since the Eq term of the spectral sequence developed in this paper is a Koszul 
complex (see Chapter [3]), we can use the existing computer program Macaulay 2 to 
compute the Ei term of the spectral sequence and thereby prove vanishing theo¬ 
rems of the relative Lie algebra cohomology for small p, q, k. For example, we have 
computed that H^{so{2, 2), SO(2) x SO(2); Fi) 7 ^ 0 if and only if 1 = 2, 3, or 4. We 
have also shown that il^(so(2, 2), SO(2) x SO( 2 );F 2 ) = 0 if and only if 1 7 ^ 4. We 
have shown iL^(so(3, 2), SO(3) x SO( 2 );Pi) = 0 if 1 = 0,1 or 5 and is nonzero if 
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i = 2,3, or 6. We do not know if the cohomology vanishes or not in case i = 4. We 
have also shown if^(so(3, 2), SO(3) x SO(2);P2) = 0 if £ < 4 and is nonzero in case 
£ = 4, 6. We do not know if the cohomology vanishes in case £ = 5. 
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Chapter 2: Preliminaries 


2.1 Relative Lie algebra cohomology 

2.1.1 The relative Lie algebra complex K-,V),d) 

Given a semi-simple Lie group G with Lie algebra 0 and maximal compact K 
with Lie algebra t, we have the following splitting, orthogonal for the Killing form 

0 = t©p. 

Let {ui}, {cj} be dual bases for As in Borel and Wallach |BorWj (page 

13), we dehne the relative Lie algebra complex G*( 0 ,iL;V) for V a ( 0 , iL)-module 
with action p by 

Definition 2.1.2. 

C'(£|,A'iV)= (/\'(j/*r®V)'‘\ ( 2 . 1 ) 

To be precise, C^{q, K- V) is those elements a; G /\^(0/e)* ® V such that for keK, 

(Adfc)*(a;) = p{k)u. 

Also, for uj G K;V), d is given by 

i+i 

duj{xi,xe+i) = p{xj)u{xi ,..., f)-,..., xe+i). 

i=i 
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Using the basis fixed above, we have the following formula for calculating d. 


Lemma 2.1.3. For oj G C^{q, K;V) we have 

du = E {A{ui) ® p{ei))u 

i 

where A{ui) denotes the operation of left exterior multiplication by Ui. 


Proof. We show 

N t+l 

A p(ei)a;)(xi,..., x^+i) = p{xj)u:{xi, ...,Xj,..., Xi+i) 

i=l j=l 

. We have 

N 

A p{ei)u){xi,xi+i) 

i=l 

N i-\-l 

= ^(-l)^"^a;i(xj)p(ei)a;(xi,..., , x^+i) 

i=l j=l 

i+1 N 

= ^(-1)^"^ Y ^i{xj)p{ei)uj{xi, ..., Xj,..., X£+i) 
j=l i=l 

i+1 N 

= uji{xj)ei)uj{xi, ..., Xj,..., x^+i) 

j=l i=l 

i+1 

= ...,Xj,..., Xi+i) 

i=i 

where the final equality follows since 


□ 


2.1.4 The connection with the de Rham complex {{A*{G/K),V)^, d) 

The following proposition, stated in |BorW] page 15, provides the motivation 
for the definition of relative Lie algebra cohomology. 
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Proposition 2.1.5. Given the symmetric space D = G/K and n : G ^ D, the 
following map gives an isomorphism of the relative Lie algebra complex and the de 
Rham complex of V-valued G-invariant forms on the symmetric space D. 

{A\D,Vf,d) ^ {C\5,K;V),d) 

U T^*Uj\e- 

Proof. Given ui G V))*^, we have 


L*g-i o p{g)(^ = cj or L*gU = p{g)u. 
Since u G A^{G/K, V), for k e K, 

RItt*u = Tr*u. 


That is, 

R*k'^*oj = 7 r*a; and 
Ll7r*u = p(k)Ti*ijj. 


Hence 


( 2 . 2 ) 

(2.3) 


LlRl-i7i*u; = p{k)7i*oj and thus 
{Adk)*7r*u} = p{k)n*uj and 
Ad*(/c) o p[k)7r*u\e = {Adk~^)*p{k)n*u}\e = 'K*oj\e- 

Thus 7r*a;|e G G^( 0 ,A';V). Now we show the map u i—)■ 'K*uj\e is a map of 
complexes. That is, it preserves the differentials. This will be proved in Lemma 

Exa 

□ 
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First, note that we have the trivial bundle tt : G x V —)■ G equipped with the 
G-action 

9o{9,'v) = {9o9,9ov) := {9o9, p{9o)v). 

Note also, if n G V, then the constant section 

Sv{9) = {9,v) 

is not G-invariant. However, if we dehne a section by 

Sv{9) = {9,9v) 

we obtain a G-invariant section by the following lemma. We leave the proof to the 
reader. 

Lemma 2.1.6. is G-invariant. That is, 

p{9o)Sv{9o^9) = Sv{9)- 

Choose a basis B = {vi}i(zi for V (note / could be uncountable) and let 
uj G A^{G/K,V)^. Then we have the following lemma. 

Lemma 2.1.7. There exists a finite subset of independent vectors {ui,..., C V 
such that 

n 

7r*uj = ^ Ui (g) 
i=l 

where ca* is left G-invariant. 

A i 

(p) under 7r*a;|e is a hnite dimensional subspace of V. 

A i 

(p*) 
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such that 


n 

7r*a;|e = 

i=l 

We see, by applying L*_i 0 p{g) to both sides of the above equation, that 

n 

i=\ 

Then ca* defined by u:i\g = L*-iai is left G-invariant by dehnition. 


□ 


Let Xi,...,xn be a basis for p and Xi,...,XAr be the corresponding left- 
invariant horizontal vector helds on G. Then we have the following lemma. 


Lemma 2.1.8. 


e+i 

'K*{du\e){xi, . . .,Xt+i) = p{Xj)'K*u\e{xi, . . . , Xj, . . . , Xi+i) 

J = 1 


Proof. First, note that 


vr^dcn = d7i*u. 


The dehnition of the exterior derivative of V-valued forms on G gives 

d7r*a;(Xi,..., X,+i) = 5^(-l)^-iX,7r*a;(Xi,..., , X,+i) 

j 

+ V*cn([X,, X,], Xi,..., , Xfc,..., X,+i)- 

j<k 

The second term is zero, however, since [p,p] C t and 7r*uj is basic. We claim we 
have 


Xj{7l*u\e{Xi, ...,Xj,.. . ,X£+i))|e = p{Xj)n*u\e{Xi, ...,Xj,.. .,Xi+i). 
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Indeed, by Lemma 12.1.71 


Xj{n*uj\e{Xi ,..., Xj ,..., Xi^i)) — (^i{Xi ,..., Xj ,..., $$ s^J 

i 

^ ^ (^17 • • • 7 7 • • • : ^^+l) ) ® 

i 

H“ ^ ^ (^1 5 * * * 5 : * * * : ^-^+1) ® i,^Vi ) • 

i 

The first term is zero because a;^(Xi,..., X^,..., X^+i) is constant (the cj^’s and the 
Xj’s are left-invariant). Also, 

= {g,-^11=09 
= i9,9piXj)ei). 

Hence, evaluating at the identity we have 


XjS^iie) = {e,p{xj)ei). 

Thus, 

7l*duj\e = d7l*Uj\e = -1)^ " V(^i )'^ Xi+i). 


2.2 The Weil representation 

Let (H, ( , )) be an orthogonal space of signature p,q and (IT, < , >) be a 
real vector space of dimension 2k equipped with a non-degenerate skew-symmetric 
form. Then we can form the space V®W with non-degenerate skew-symmetric form 
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( , )(8) < , >. We will construct the Fock model, Vk, of the Weil representation 
{w^spiy ® W)) and give formulas for how o(V^) operates in this model. 

Remark 2.2.1. We will adopt the convention of using “early” greek letters a, fd 
to denote integers between 1 and p and “late” greek letters fj,,u to denote integers 
between p + 1 and p + q. 

Let Cl,, Cp+g be an orthogonal basis for V such that (cq,, Cq.) = l,l < a < p 
and (cp, Cp) = —l,p + l<fv<p + q- Let be the span of Ci,..., Cp and VL be 
the span of Cp+i,..., Cp+g. Then we have the splitting V = V+ © IT. We have the 
splitting (orthogonal for the Killing form) 

so{p,q) = f ®po 

and denote the complexihcation po ® C by p. 

We recall that the map 0 : /\^{V) —)■ so{p, q) given by 

(fiu A v){w) = (m, w)v — (n, w)u 

is an isomorphism. Under this isomorphism the elements Cq, Ae^^, 1 < a < p, p + 1 < 
/i < p + g, are a basis for po and the elements Cq, A eg and e^ A e^ are a basis for 
where ,l<Q;,/9<p, p + l<p, z^<p + g. We dehne e^^^ = —Cq, A and let {ua^} 

A pq 

Po) by 

vol cui^p-i-i A • ■ ■ A cUp^p-i-g. (2.4) 

k 

Now let iy © C)^ = © C). We will use v to denote the element 

i=\ 

(^ 1 ,^ 2 , ■ ■ ■ Wk) ^ y ® C)^. We will often identify (V © C)^ with the ((p + g) x k)- 
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matrices 


( \ 

2^11 2:12 • • • Zik 


y^p+<? 


,1 ^p+g,2 


^p-\-q,k 


over C using the basis ei,..., e^+g. Then v will correspond to the {p + q) x k matrix 


Z where Vj is the column of the matrix. The splitting V = V+®V- induces the 
splitting {V 0 C)^ = (V+ 0 C)^ © (1© 0 C)*^. 


We dehne Vk to be the space of holomorphic polynomials on {V 0 C)^. That 


is, 

Vk = ^o\{{y ®cf). 


By Theorem 7.1 of |KM2j . we have the following formulas for the action of 
0 ( 1 /) on Vk (note that we have set their parameter A equal to ^). Note that in the 
reference there is an overall sign error. 


Proposition 2.2.2. 


zu{C(^ A e^) 'y ^ (—ut n 

k 

w{e^ A 


d d 


3z ■ 

L/X/rv?. 


^ d ^ d ^ 

^fj.i ~ ~ ) 


2=1 

k 


dz,. 


zc'iea A e^) = Y^(-ZaiZ^i + 

2=1 


' dz^i' 


3z ‘Sz ■ 


Remark 2.2.3. VTe see from the above proposition that t acts diagonally in the 
“usual” way, perhaps twisted by some character, hence we may twist the represen¬ 
tation by a power of det so that K = SO(p) x SO(g) acts in the usual way. That is, 
given f EVk and g E K, 
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The unexpected action of p is due to the model we have chosen. 


We will be concerned with the complex (C'^(so(p, g), SO(p) x SO(g); Pfc), d). 
By Proposition 12.1.31 and Proposition 12.2.21 we have the following formula for d, 


We note that 


k p p+q 

2=1 a=l fL=p-\-l 




Sz -Sz • 


^ai ^(li ) 


(2.5) 


C‘(^oijp,q),iO{p) X SO(<;);'Pt) =C*( 60 (p,<;,C),SO(p,C) x SO(<;.C);'Pt). 


We will use this isomorphism between cochain complexes throughout the paper. 
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Chapter 3: The Spectral Sequence Associated to the Relative Lie 


Algebra Cohomology of the Weil Representation 

3.1 The spectral sequence associated to a hltered complex 

In this section we will construct a spectral sequence associated to a filtered 
complex. Our basic reference will be Chapter 2 of |Mc] . especially Theorem 2.1. 
However, we warn the reader that the convergence part of [Mcj Theorem 2.1 will 
not apply to our case, since our hltration is not assumed to be bounded below. 

In what follows we will assume we have a hltered cochain complex [F*, C, d) 
with (cohomological) degrees between 0 and n for some hxed n, that is, 

d{F^C^) C 

In fact, we will assume this hltration is decreasing, that is, 

FV+^C C F^C. 

3.1.1 Some general results on spectral sequences 

We hrst recall that a spectral sequence is a sequence of bigraded (by Z x Z) 
complexes {E*'* dr} such that 

HP'\Er, dr) = p, g e Z X Z, r > 0. (3.1) 
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Remark 3.1.2. Note that dr is bigraded, hence it will have a bidegree {a,b). 

We recall the following definitions. 

Definition 3.1.3. A filtration F* of a cochain complex C is exhaustive if 

IJ F^C = C 

p& 

and separated if 

Pi fpc= 0. 

pel 

Many occurences of spectral sequences come from the following theorem, see 
[Mcj Theorem 2.1. Note that the defining formulas for and on page 33 
of |Mcj are not correct as stated but the correct formulas are used throughout pages 
33-35, in particular in the proof of Theorem 2.1. We define them below for clarity. 
Dehne subspaces and for r > 1, of by 

1. ZP’'? = ker(d : FpCp^'^ i?PC'p+9+i/irp+'-CP+<?+i) 

2 . RP’'' = im(d : FP-^+^Cp+'^-^ FPCp+'3). 

Thus, Z^’*^ are the elements 2; G FpQp^^ such that dz G and R^’*^ are the 

elements b G FpCp^^ such that there exists x G iPP-'’+iCP+'? with dx = b. Note that 
elements of R^’'^ are “absolute” coboundaries whereas elements of Z^’”? need not be 
“absolute” cocycles. That is, we have 

ZP,<? ^ ZP’^D---D ZP'^ D RP’^ D ■ ■ ■ D BP'^ D RfT 

For the sake of consistent notation, we define the following subspaces of 

ZP’i = zP'^ = FPQP'^'^ 

BP’’^ = 0. 
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We note two properties of 


Lemma 3.1.4. We have 


1. If F* is exhaustive then 5^’'? = 

2. If F* is separated then = P|r 

We now define a candidate for the bigraded complex of the spectral se¬ 
quence associated to a filtration. Define the quotient space E^’'^ by 


EP<i = 


ZP’<i 




— ,r > 0 


(3.2) 


and let 




P>IJ 


Note that, by definition, 


= 


PP(JP,Q 


"0 - jpp+lQp+q- 

Together with the action do (the differential induced on the quotient by d), Eq is 
then the graded complex associated to the filtration F*. We will often refer to this 
bigraded complex as the associated graded complex. 


Theorem 3.1.5. Suppose (F*, (T, d) is a cochain complex equipped with a decreasing 
filtration F*C. Then there is a spectral sequence {E*’* dr} with first term Eq, the 
associated graded complex, and Er defined in Equation fl3.2p . The differential dr is 
the differential d of C restricted to C (7^+5 for r > 0. Note that dr has bidegree 
(r, —r -|- 1) for r > 0. 
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Proof. We claim d induces a map dr on the page, 


dr : ^ 

'Vp^q ^p+r^q—r+1 

__ _. __ 

^P,9 _j_ ' 

Let G Then dz is closed and in Fp+^Cp+'^+\ so dz G c 

^p+r,g-r+i_ ^ induces a map Zf’'^ —)■ ^p+’’.9-^+i and hence a map to the quotient 

j^p+r,g-r+i^ Now we show it factors through the quotient 

We must show d(5P’« + C {BP+rq-r+i + ^^+[+1’'?-’’). But d{BP'^) = 

0, so all that remains is to show d{Zffil'‘^~^) C . Let 

^ G Then dz is a boundary and in _pp+^(TP+'?+i^ thus dz G _Bp+^-9-’’+i. 

Finally, note that since = 0 we have d^ = 0. Now we show that the 
cohomology of the page is the (r + 1)^* page. Accordingly, we dehne the kernel 
and image of the map dr- We dehne the graded subspaces and of Ef’\ by 


= ker(d,_i : E^'^ ^ 

= im{dr-i : EPy[+i-'?+''-2 ^ 
Hence, by dehnition we have 




(3.3) 


We construct an isomorphism 


HP'\El'\) ^ Ef’^. 

First, consider Z^’'^ = ker{E^’\ —)■ This is, by dehnition. 


ker (d 




np,q 

Dr-l 


_j_ ^p+^,q-^ 


-)■ 


^p+r—l,q—r+2 


■‘r-2 


j^p+r—\,q—r+2 ^p+r,q—r+l 


■‘r-2 
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Suppose z is in the kernel. If dz G then dz G Fp+'’C'p+9+i and 

^ G FPCP+^+\ hence G If dz G 5P+[-i-9-r-+2 ^ ^ pp+iQP+^i and 

dz G Fp+'^-^Cp+'3+^ and hence ^ G Z^+ 2 ’^"\ Thus 


-p,g ZP’^ + 


z:’" = 


^r-2 




■‘r-2 


Now consider = im(Z^_[’'’^’'^’'’'’ ^ —)■ El'\). By dehnition, this is 


im( d : 


ryP-r 

^r-l 


'—'r+l,Q'+r—2 






\ ' nP-i'+l,q+r-2 . yp-r+2,q+r-'i Tjp,q . yp+l,q-l 

\ -P^r-1 ‘ ^r-2 P^r-1 ^r-2 


If 2 ; G g pp,q_ suppose w G BP'^. Then there is some z' G 

(jp-r+i,q+r -2 ^ ^ hence z' G since Bl'\ C 

^,q _ BP’^i + Bl’\ + Zf+a^’''"^ _ BP^i + Zf+2^’''-^ 

" “ Bl\ + Zf+2'’‘'"' 


Thus 


Zf" ZP’'' + Zf+2'’'?-^ 

Recall the following consequence of the Butterfly Lemma, = 
viding the top and bottom of Equation fl3.4ll by ZP'^1’‘^~^, we have 


(3.4) 


X 

xny • 


Di- 


z^^’" ZP'<il{ZP'<i n Zf+s^’"-^) 


(3.5) 


Simply checking the dehnitions yields fl ^ ^ and BP'^ fl 

= Blf{^-\ Hence 
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Another consequence of the Butterfly Lemma is the isomorphism 




AjB 

c/(Bnc) • 


Finally, since ^ 




we have 





BP<i + 




□ 


We now give conditions on the hltration of a hltered complex that are sufficient 
to imply convergence of the associated spectral sequence. The applications of this 
spectral sequence later in the paper will satisfy the hypotheses of Proposition 13.1.81 
First, a simple lemma. 

Lemma 3.1.6. Suppose {F*,C,d) is a filtered cochain complex such that the filtra¬ 
tion is decreasing and hounded above. Then the filtration is separated and for all 
{p, q) there exists an integer r{p) so that for all r > r{p), 

Proof. Suppose the hltration is bounded above by P. That is, for all p > P we have 
pp(jp,q — Q Thus F is separated. 

Fix (p, q). The image of under d^ is contained in for all r, p, q. 

So, if r > P — p, then p + r > P and = 0. Thus, elements which are 

pushed up enough in the hltration will necessarily be zero. Taking P — p = r(p) is 
sufficient. 

□ 

Remark 3.1.7. The above lemma can be interpreted as follows. Since the support 
of is hounded on the right in the p, q-plane, eventually all maps out of a given 


27 








point on the page will have codomain outside the support of the bigraded complex, 


see for instance, the figure after Remark 3.2.4 


Proposition 3.1.8. Suppose {F*,C,d) is a filtered cochain complex such that the 
filtration is decreasing, bounded above, and exhaustive. Then the spectral seguence 
converges. That is, for all p, q, there is an isomorphism 




(3.6) 


Proof. Let p be given. Because the filtration is bounded above, by Lemma [3.1.61 we 
have that for each {p, q) there exists an r{p) so that for all r > r{p). For 

r > max(r(p), r(p + 1)) we will construct below a surjective map 


Tlr : = 


ZWq 


sr + 


— grP^'^iH*) ^ 


ZP^q 


Qp,q _|_ 2’P+l.'?-! 


(3.7) 


Since r > r{p), Zf’'^ = and we may hrst dehne vr^ : ZP’'^ —)■ to be the 

identity map. We then dehne tt' to be the induced quotient map 

ZP’q 

gr-' . vp,q _y _ 

r ■ r ^ ■ 

Since r > r(p + 1), we have Moreover, BP’^ C BP’^. Hence 

the map tt' factors through the quotient by to give the required 

surjection vr^. 

Note that there is a quotient map from to making {EP'^,r > r(p)} 
into a direct system. Moreover, the maps : r > r{p)} ht together to induce a 
morphism from the direct system to grP’'^{H*) and hence we obtain a surjective map 
TToo : EP^ —)■ grP'^{H*). We claim that tToo is injective. Indeed suppose x G 
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satisfies 7^oo{x) = 0. Then for some r we have nr{x) = 0. Hence x G B^’'^ + 

By Lemma 13.1.41 we have x G fQ^- some r' > r. Furthermore, since 

c we have x G B^f + Thus x is zero in and hence 

is zero in the direct limit. 

□ 

Remark 3.1.9. The above proof highlights a fundamental concept of spectral se- 
guences. That is, is a suhguotient of It is the closed elements (“sub”) 

guotiented by the exact elements. With the hypotheses of Proposition 1X7751 (or just 
those of Lemma \3.1.6\) . eventually everything is closed and hence the Zf’'^ stabilize. 
At this point, Eff^ is just a guotient (rather than a subguotient) of Ef'^ and we 
obtain maps between the pages. 

The spectral sequence above converges to the graded vector space associated 
to the induced hltration of the cohomology. We conclude the general discussion by 
describing this bigraded vector space. 


3.1.9.1 The associated graded gr(i7*) 

The hltration on C induces hltrations on the cocycles Z and coboundaries 
B. Hence, it induces a hltration on the cohomology H. A priori, the vector space 
grP’i^H) is a four-fold quotient, but we have the following proposition. 


Proposition 3.1.10. 


grP-9(/7) ^ 


ZP’Q 

Qp,q _|_ ^p+l,q-l ■ 
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Proof. By definition, 




ZP’^B 


'P,q 


ZP+i,q-i 

By one of the standard isomorphism theorems, 


ZP^i 


ZP'^jB 


'P,q 


Bp^q + Zp+^’q-^ (^BP’q + ZP+^’q~^)/BP’^' 
By another standard isomorphism theorem, 

BP’q + ZP~^^’'^~^ 


BP^q 


Bp^q n zp~^^'q~^ 


Finally, observe that BP’'^ n ^ = Bp~^^’^ h 


□ 


3.1.11 Some consequences of the vanishing of 

In the spectral sequences which follow, many of the terms Ef’'^ will vanish. To 
utilize this feature, we need the following two general propositions from the theory 
of spectral sequences. In what follows we assume the hltration F* is bounded above 
and exhaustive. 

The following proposition is an immediate consequence of convergence of the 
spectral sequence (Proposition I3.1.8P since gr(il) is obtained from Ei by taking 
successive subquotients. 

Proposition 3.1.12. Suppose {F*,C,d) is a filtered cochain complex such that F* 
is bounded above and exhaustive. Then Fl^{gi{C)) = 0 implies H^{C) = 0. 

Remark 3.1.13. In the case we are studying, C* = C'*(so(p, g), SO(p) x SO{q);Vk) 
has a canonical grading as a vector space. Hence, in this case, there is a map of 
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graded vector spaces f : C ^ gr(C) which sends tp E C to its leading term. However, 
f does not commute with the differential. Hence, there is no map in general (even 


if C is graded as a vector space) from the cohomology of C to the cohomology of 


gr(C'). 


Proposition 3.1.14. Let {F*,C,d) be a filtered cochain complex such that F* is 
hounded above and exhaustive. 

1. If H^~^{gi{C)) = 0, then there is a well defined map from H^(C) to H^{gi{C)) 
and it is an injection. 

2. If H^^^{gi{C)) = 0, then there is a well defined map from H^{gi{C)) to H^{C) 
and it is a surjection. 

3. If H^~^{gi{C)) = 0 and H^~^^{gT{C)) = 0, then the map from H^(C) 
to H^{gT{C)) is an isomorphism. 

Proof. We first prove (1). We will construct an inverse system of injective maps 


• • • ^ E\ 


^p,g 

r—l 



First note by the hypothesis of (1) we have 


= 0,r > 2. 


(3.8) 


Next, note that for any spectral sequence {Er,dr} we have an inclusion 




(3.9) 


But since Ef^ 


by fl3.8p we have 
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and the inclusion of Equation fl3.9p becomes 



Thus is an inverse system of injections which may be identihed with a de¬ 


creasing (for inclusion) sequence of bigraded subspaces of the hxed bigraded vector 


space El. We have constructed the required inverse system. 

The inverse limit of the above sequence is E^. Since the inverse limit of an 
inverse system maps to each member of the system, we have a map E^ —)■ 

In this case the inverse limit is simply the intersection of all the subspaces and 
the map of the limit is the inclusion of the inhnite intersection which is obviously 
an injection. Since we have convergence fProposition 13.1.^ . E^ = gr^’^(W) and 
Ei’‘^ = H'P'^{gi{C)). Hence (1) is proved. 

We now prove (2). We construct a direct system of surjective maps 




• • —^ 


First note by the hypothesis of (2) we have dr-i\Ei’\ = 0,r>2,p-|-q' = £ and 

hence 


= X:' = 0,r> 2. 


(3.10) 


Next, note that for any spectral sequence dr} we have a surjection 



Hence, by Equation (I3.inp . the previous surjection becomes 
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Hence is a direct system of surjections which may be identihed with a se¬ 

quence of bigraded quotient spaces of the hxed bigraded vector space Ei. We have 
constructed the required direct system. 

Since each member of a direct system maps to the direct limit, the space 
maps to E^ and this map is clearly surjective. As in the proof of (1), since we have 
convergence fProposition l3.1.8|) . E^^ = gr^’'?(if) and Ef’'^ = iP^’'?(gr(C)). Hence (2) 
is proved. 

Lastly, (3) is obvious. 

□ 

3.2 Construction of the spectral sequence for the relative Lie algebra 
cohomology of the Weil representation. 

We now study the above spectral sequence for the case in hand, G = SO (a, b), 
and apply the previous results to it. We let L be a real vector space of signature 
a, b. Recall that we use Vk to denote the ring Pol((L ® C)^). This ring is graded by 
polynomial degree 

CXD 

Ek = ^^Ek{i)- 

i=0 

This grading of Vk induces a grading of = C^(so(a, 6), SO(a) x SO{b);Vk), for 
each i, called the polynomial grading. We will let C^{i) denote the Tth graded 
summand of C^. The above grading of induces an increasing hltration E, of 
by 

F,C' = 0C'(i). 

i=0 
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The filtration F, is bounded below but not bounded above and is exhaustive 

OO 

C=[j FpC. 

p=0 

Note also that C is bigraded by (£, i) 

ab OO 

C = ©©C'W. (3.11) 

e=o i=o 

It is clear that d may be written as a direct sum d = d 2 + (i _2 where d 2 
increases the polynomial degree by two and d _2 lowers the polynomial degree by 
two, see Equation (12.bh . From = 0 we obtain 

Lemma 3.2.1. 

1. d2 = 0 

2. d\ = 0 

3. d2d—2 T d—2d2 = 0. 

In particular, we have 

dFpC^ C Fp+2C^+\ (3.12) 

Remark 3.2.2. Relative to the bigrading of C given by Eguation fl3.1ip . d is a 
bigraded map with 

d = di^2 + <1^1,-2- (3.13) 

Since d increases hltration degree, (F,, C, d) is not a hltered cochain complex. 
Also, the above hltration of C is increasing whereas the general theory assumes it 
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is decreasing. We can, however, correct this by regrading C so that d preserves the 
hltration and so that the hltration is decreasing. 

The vector space underlying the complex (C, d) is bigraded by cochain degree 
^ and polynomial degree p. As is customary in the theory of spectral sequences, 
we regrade by complementary degree q = i — p and p. We change this bigrading 
according to (p, q) (p', q') where p' = p — 2i and q' = p + q — p'. Note that 
i = p + q=p' + q' and d preserves the hltration. That is, 

dFp.C^ C 

The theory of the spectral sequence associated to a hltered cochain complex 
requires the hltration to be decreasing, however the hltration Fp/ is increasing. Ac¬ 
cordingly, we pass to the new decreasing hltration F^” dehned by F^” = F^pn. As 
before, q” is the complementary degree, so q" = i — p". Hence 

p" = 2£ — p and q” = p — £■ 

Thus, from the bigrading of Equation fl3.11l) we obtain a new bigrading for C 

2ab oo 

C= 0 0 (3-14) 

p"=—oo q"=—ab 

Lemma 3.2.3. Relative to the bigrading Equation (13.141) . we have d = do.i + ^ 4 ,- 3 . 
In particular, d preserves the new filtration. 

Remark 3.2.4. The differential d' on Eq is induced by the summand dop in Lemma 
\3.2.3[ In fact, we use the negative o/do,i. That is, we take 

k a a-\-b 

i=l a=l /i=aH-l 
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q 



is supported in the shaded diagonal region. 

F* is a decreasing hltration preserved by d and the associated bigraded vector 
space pp”(jp''+q” jg supported in the quadrant p" < 2ab and q” > 

—ah. In addition, because the cohomological degree £ satishes 0 < £ < a 6 and 
i = p” + q", Eq is supported in the intersection of the above quadrant with the 
band 0 < p" + q" < ah. 

In what follows we will abuse notation and write p and q instead of p” and q". 
The hgure shows the support of the bigraded complex C*'* with the new bigrading. 

Because the hltration is bounded above by p = 2ah, for each (p, q) there 
exists an r(p) so that = Z^'’^ for all r > r{p). In our case it suffices to take 
r(p) = 2ah — p + 1. Note that r(p) is a decreasing function of p, so r > r(p) implies 
r > r{p + k) for k > 1. Since the complex is bounded below by g > —ah we also 
obtain an analogous bound r{q) = q + ah + 1, however, we will use only r(p). 

Remark 3.2.5. For the action of a general reductive G on the polynomial Fock 
model, the exterior differential may be decomposed as d = (i _2 + do + <^2 and preserves 
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the new filtration. The support of the resulting higraded complex will still be contained 
in the band of the figure on the previous page. We leave the details to the reader. 

Now that we have hnished any details concerning the hltration nsed to obtain a 
spectral seqnence, we retnrn to nsing p, q for the signatnre of a real vector space. We 
now prove a general theorem abont the relative Lie algebra cohomology of SO(p, q) 
with valnes in Vk for large k. 


3.3 The cohomology of SO(]?, q) when k > pq. 


In this section, we work nnder the assnmption 


k > pq. 


(3.15) 


Let = C^(so(p, g), SO(p) x SO{q)-,Vk). We prove the following theorem, see 
Eqnation fl3.18p for the dehnition of the qnadratic elements qafj, € V{V^). 


Theorem 3.3.1. Assume k > pq. Then we have 


i/'(50(p,g),SO(p)xSO(g);n) 


0 if £ ^ pq 

< 

{Vk/{qi,p+u • • •, qp,p+q))^yo\ if £ = pq. 


Our method of proof is to compute the cohomology of the Eq term of the 
spectral sequence we have just developed. To do this, we will Erst compute the 
cohomology of this complex before taking iL-invariance. This complex will be a 
Koszul complex associated to a regular sequence. We will then use the results of 
Section 13.11 and Equation fl3.17p to hnish the calculation. 
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Define the complex (A, by 


^ p p+q k 

= l\ (p*) 0 Pfc and ^ ^ ^ 0 z^iZ^i. (3.16) 

Q=1 pi=p+l i=l 

Then and by Remark 13.2.41 we have, since K is compact, 

H\Eo{C)) = {H\A)f. (3.17) 

3.4 Koszul complexes and regular sequences 

We will see that Eq{C) is a Koszul complex. We now dehne what a Koszul 
complex is and state some results about Koszul complexes in case the dehning 
elements form a regular sequence. 

Let S = C[xi,..., x„] and G S. Let Y = , Ci,..., cat be the 

standard basis for K, and cji,... ,U]\f be the dual basis for Hom 5 (y, S). Dehne the 
Koszul complex K{fi,..., f^) by 

= yy V* 

d = Y^fiA{ui). 

i 

From Eisenbud, 0 Corollary 17.5, we have 
Proposition 3.4.1. If fi,..., is a regular sequence in S then 

1. H'{K{fu...,fN)) = 0 fore< N 

2. ff''(A-(/i,---./N)) = S/(/i, ■■■,/«). 

In fact, we also have the following result of [E], Corollary 17.12. 
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Lemma 3.4.2. If xi,... ,Xi is a regular sequence then 

H^{K{xi ,..., xat)) = 0 for i < i. 

We now show that {A,dA) is a Koszul complex, and hence Eq{C) is a sub- 
Koszul complex. 


3.4.3 Eo{C) is a Koszul complex. 


Dehne the quadratic elements of Vk by 

k 

Qafi = ^ ZaiZ^i ioT 1 < a < p,p + 1 < ^ < p + q. (3.18) 

i=l 

We note that the are the result of the following matrix multiplication of elements 
oiVk 


( 

^11 ^12 


\^pl ^p2 




/ \ 


^p+1,1 

Zp+2,l • 

Zp+q,l 


Zp+2,k 

Zp+q,k 

/ 


\ 

?l,p+l 

?l,p+2 ■ 

d.l,p+q 


qp,p+2 

Qp,p+q j 


Then we have 


p p+g 

dA ^ ^ ^ ^ ® Qafi- 

a=l /i=p+l 


We hrst note that dA is the differential in the Koszul complex asso¬ 

ciated to the sequence of the quadratic polynomials qa^., see Eisenbud [E], Section 
17.2. To see that the Koszul complex as described in 0 is the above complex A we 
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choose Vk as Eisenbud’s ring R and as Eisenbud’s module N. In our descrip¬ 
tion, since p = V+ ® we are using the exterior algebra /\*((CP'^)*) 0 Vk- 

But the operation of taking the exterior algebra of a module commutes with base 
change and hence we have /\*((C^^)*) ®Vk = Then we apply Eisenbud’s 

construction with the sequence {qaii} to obtain the above complex A. We recall 
that /i, is a regular sequence in a ring R if and only if /* is not a zero divisor 

in -R/(/i,..., fi-i) for 1 < i < n. We will show the Qa^ form a regular sequence. 
This will be a consequence of the following two lemmas. 

The following lemma is Matsumura’s corollary to Theorem 16.3 on page 127, 
|Mat] . It gives a condition under which we may reorder a sequence while preserving 
regularity. 

Lemma 3.4.4. If R is Noetherian and graded and Oi,... ,a„ is a regular sequence 
of homogeneous elements in R, then so is any permutation of ai,..., a„. 

Remark 3.4.5. The above lemma allows us to say, for instance, that the {qa^.} o,re 
a regular sequence without having to order the elements. 

Lemma 3.4.6. Let R = C[xi,. .. ,XN,yi, .. . , y^] ■ Then {xiyi, X 2 y 2 , ■ ■ ■, is a 

regular sequence. 

Proof. We first rewrite R as the tensor product of N polynomial rings 
R = C[xi, yi] 0 C[x 2 , 2 / 2 ] 0 • • • 0 C[xn, Vn]- 
Fix i between 1 and N. We verify that Xiyi is not a zero divisor in 

Ri = R/ (xi2/i,..., Xi-iyi-i). 
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Note that 


^ ^ €[x2,y^ ^ C[xi i,yi i] ^ ^ yj 0 ... 0 C[xn, yN]- 

[Xiyi) {X2y2) [Xi-iyi-i) 


Let bej = xly( G C[a;j,|/j]. Then {&e,/}e,/>o is a basis for £.[xi^yi\. Now consider the 


map 


g : Ri ^ Ri 
r I—)■ Xiyir. 

We show g is injective and thus Xiyi is not a zero divisor in i?j. Suppose r is in the 
kernel of g. Then r has a unique representation 

r = ^ ai^ej ® 02 , 6 ,/ <8 • • • ® bej ai+i,e,f «)•••«) aN,e,f where a^^ej ^C[x^, y^]. 
ej 

Hence 

9{r) = ^ ai,e,/ (8) 02,6,/ <8) • • • (8) Xiyibej ® ® OAr,6,/ 

ej 

= ^ ai,e,/ <8) 02,6,/ <8) • • • <8) &6+l,/+l <8) • • • <8) OAr,6,/ = 0. 
ej 

Since 6e+i,/+i is a basis for C[a;i, |/j], we have, for all e, / > 0, 

ai,e,/ <8) 02,6,/ <8) • • • <8) Oi_i,6,/ (8) Oi+i,6,/ (8) • • • <8) OAr,6,/ = 0. 

Hence r = 0. Thus Xiyi is not a zero divisor and the lemma is proved. 

□ 

Remark 3.4.7. The above proof can he adapted to show that any “disjoint” mono¬ 
mials form a regular sequence. The details are left to the reader. 
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Proposition 3.4.8. The form a regular sequence in Vk- 


Proof. First, we examine a longer sequence a where we have prepended many of the 
variables z^i and z^i to the sequence of We will show this is a regular sequence. 
Once we have done this, by Lemma [3.4.41 we can reorder so that the come hrst 
and this reordered sequence will still be regular. Then we use the obvious fact that 
any initial segment of a regular sequence is a regular sequence and hence the qa^ 
form a regular sequence. 

We hrst dehne the sequence r as follows. It will contain all the variables z^i 
except for those with i = amodp. It will also contain all the Zfj,i except for those 
with {p — p — l)p < i < {p — p)p. Now we dehne a to be r followed by the qa^. We 
now check that this is a regular sequence. 

It is clear that r is a regular sequence. The “oh-diagonal” (see the diagram 
below) Zai and the z^i included form a regular sequence since they are coordinates. 
To check that a is regular, we must check that the ga^ are a regular sequence in 
Vk! (r). Note that 

~ ^[{^ai}i=amodp ^ 
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The image of Qa^i in this quotient ring is the result of the matrix multiplication 


/ 


Zii 0 ■■ ■ 0 


0 Z22 • • ■ 0 


0 0 • * * Zpp 

^p+1,1 0 

^p+i,p 0 

0 ^p+2,p+l 

0 ^p+2,2p 

0 0 

0 0 


^l,p(g—l)+l 0 

0 Z2,p(g-l)+2 

0 0 


0 

0 


^p+g,p{g-l)+l 


^p+g,pg y 


0 

0 




^p,pg 


That is, 




These elements form a regular sequence by Lemma 13.4.61 

Now we apply Lemma [3.4.41 to reorder a such that the gap come hrst, and note 
that any initial segment of a, in particular the {gap}, is a regular sequence. 


□ 


Remark 3.4.9. Proposition 3.4-8 provides an upper bound on the minimal k so that 


43 











the Qaii form a regular sequence. A lower bound is p since if k < p then the form 
ipkq of Kudla and Millson is a non-zero cohomology class in degree kq (which is less 
than the top degree pq). 

We now compute the cohomology of {A, dA) 


Proposition 3.4.10. 


H^{A) 


0 if i ^ pq 

< 

^fc/({W/.})vol ifi = pq. 


Proof. Corollary 17.5 of [E] (with M = R), states that the cohomology of a Koszul 
complex K{fi,..., f^) below the top degree vanishes if /i,..., /w is a regular se¬ 
quence and that in this case the top cohomology H^{K{fi,..., f^)) is isomorphic 


to R/{fi,...,fN). 


□ 


We now prove Theorem 13.3.11 


Proof. By Equation 03.171) and Proposition 13.4. lUl we have, since vol is W-invariant, 

0 A i pq 

{'Pk/ ({ga/.}))^vol if £ = pq. 


H\Eo{C)) = 


Thus, by Proposition 13.1.121 and statement (3) of Proposition 13.1.141 we have 

A i ^ pq 


HAso{p,q),SO{p) X SO(g);Pfc) = < 


0 


(Pk/ ({g«;,}))-^vol if £ = pq. 


□ 
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We now show that H^^{C) is not hnitely generated. 


Proposition 3.4.11. The toRP'^iC) sending 

(/, g) to [(/ + ( 7 )vol] is an injection. 

Proof. First, note that f + g is SO(p) x SO(g)-invariant, hence (/ + g)vol is K- 
invariant. Now we show the map is an injection. Suppose f + g E Then 

since {{qafi}) C we have g = 0. Similarly, since {{qafi}) C we have 

/ = 0. Hence the map is injective. 

□ 


3.5 The cohomology of SO(]3, q) when p > kq. 


In this section we prove the following theorem 


Theorem 3.5.1. If p > kq, then 


nonzero if I = kq, pq 


H’{solj,,q),SOlj,)xSO(qy,Vt) = 


unknown if kq < i < pq 


0 otherwise. 

We use the same proof technique as in the previous section together with 
Lemma 13.4.21 

In what follows we use the symbol C to denote the complex 
C*{so{j), q), SO(p) X SO(g); Pfc). We now prove the following proposition by hnding 
a regular subsequence of the q^^ of length kq. Let {A, dA) be the complex dehned 
in Equation fl3.16p . 
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Proposition 3.5.2. If p > kq, then 

' 

0 if i < kq 

H\A) = 

nonzero if ^ = kq. 

Proof. We first construct a regular subsequence of the qa^ of length kq. Consider 
the subsequence r = }i<«<fcg where |_|J is the greatest integer less than or 

equal to f. We claim this is a regular sequence in Vk. Similar to the proofs before, 
we prepend the “off-diagonal” variables Za,i with a ^ i mod k. That is, we consider 
the sequence 

^ mod fc’ 

Clearly the initial segment is regular. To check that a is regular it remains to show 
r is a regular sequence in Vk /mod fc})- image of r in this quotient ring 
is the result of the following matrix multiplication. 
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That is, the image of r is {za,iZ^_^^_^ya^ i}oi=i mod k- Thus the image of r is a sequence 
of disjoint quadratic monomials, hence regular by Lemma 13.4.61 As we did in our 
previous proof of regularity, we reorder this sequence using Lemma 13.4.41 to get a 
regular sequence with these hrst and note than any initial segment of a regular 
sequence is regular. Thus, by Lemma [3.4.21 we have 

H^{A) = 0 for £ < kq. 

To show that ^ 0, we note that the form (fkq, dehned in Equation fll.2p . of 

Kudla and Millson is closed and not exact since it only involves positive variables 
(and any exact form necessarily has negative coordinates). 

□ 

Now we prove Theorem 13.5. 11 

Proof. Since H^{A) = 0 for £ < kq, by Proposition 13.1.121 and Equation fl3.17p . we 
have 

H\C) = 0 for £ < kq. 

Since ipkg is closed in C, SO(p) x SO(g) invariant, and the {kq — 1)^* cohomology 
group of the associated graded of C vanishes, we hnd that ipkq is not exact in Eoo 
and so not exact in C. 

□ 
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Chapter 4: The Relative Lie Algebra Cohomology for SOo(n, 1) 


In this chapter, because the cohomology of the complex “before taking invari¬ 
ance”, A, is large, we hrst compute the invariant cochains and then compute the 
cohomology. The /r-invariant cochains of A form a subcomplex, (A)^, which is 
again a Koszul complex. The main point of this chapter is to compute the cohomol¬ 
ogy of this subcomplex. 

4.1 Introduction 

We let (V, (,)) be Minkowski space and ei, 62 ,..., e„+i be the standard 
basis. Let 1+ be the span of ei,..., e„. We will consider the connected real Lie group 
G = SOo(n, 1) with Lie algebra so(? 7 ,, 1 ) and maximal compact subgroup K = SO(n) 
with Lie algebra 5 o(n), the subgroup of G that hxes the last basis vector Cn+i- Let 
Sk be the 0(n)-invariant comp lex-valued polynomials on and TZk C Sk be the 
0(n)-invariant comp lex-valued polynomials on see Section 021 We will consider 
the Weil representation with values in the Fock model Vk = Pol((L ® C)^). 

We restate Theorem 11.0.71 our results for the cohomology with values in Vk- 
In the following theorem, let (pk be the cocycle constructed in the work of Kudla 
and Millson, |KM2] . see Section 14.21 Equation fl4.8p . In what follows, ci,..., are 
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the cubic polynomials on defined in Equation fl4.25p . qi,... ,qn are the quadratic 
polynomials on defined in Equation fid.isp . and vol is as defined in Equation 
(I2.4p . Note that statement (3) is a consequence of Theorem 13.3. II and hence we will 
eventually assume that k < n since these are the only cases remaining. 

Theorem 4.1.1. 


1. If k < n then 


l/^(50(n,l),SO(n);Pfc) 


IZk(pk ifi = k 

' 5fc/(ci,...,Cfc)vol ifi = n 

0 otherwise 


2. If k = n then 

l/'(50(n,l),SO(n);n) 


7 ^fcV5fc©‘5fc/(ci,...,Cfc)vol if£ = n 

< 

0 otherwise 


3. If k > n 


H^{so{n, 1), SO(u);Pfc) 


■ ■ ,?n))'^vol ifi = n 

< 


0 otherwise 

The cohomology groups Tr^(so(n, 1), SO(n); are sp(2fc, M)-modules. We 
now describe these modules. If fc < then as an sp(2/c,M)-module Hkl^k is 
isomorphic to the space of MU(/c)-finite vectors in the holomorphic discrete se¬ 
ries representation with parameter ‘ ‘ If ^ < 'n., then the cohomol¬ 

ogy group hf^(so(?7,, 1), SO{n);Vk) is an irreducible holomorphic representation be¬ 
cause it was proved in [KM2j that the class of (fk is a lowest weight vector in 
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H^isoin, 1), SO(n); Vk)- On the other hand, the cohomology group 

H"'[so{n, 1), SO(n);Pfc) is never irreducible. Indeed, ii k < n then 

i7"'(so(n, 1), SO(n); Pfc) is the direct sum of two nonzero sp{2k, M)-modules iJ" and 

hf” and if k = n, then iJ"'(so(n, 1), SO(n); is the direct sum of three nonzero 

5 p(2A;,M)-modules iJ”, and 7lk{V)(pk. 

4.2 The relative Lie algebra complex 

We reestablish notation that we use throughout this chapter. Let Ci,..., 
be an orthogonal basis for V such that (cj, ei) = 1,1 < i < n and (e„+i, e„+i) = —1. 
We \et xi,... ,Xn,t he the corresponding coordinates. 

We have the splitting (orthogonal for the Killing form) 

5o(n, 1) = so{n) © po 

and denote the complexihcation po © C by p. 

We recall that the map 0 : /^{V) —)■ so{n, 1) given by 

A v){w) = {u, w)v — {v, w)u 

is an isomorphism. Under this isomorphism the elements e* A Cn+i, 1 < i < n are 
a basis for po. We dehne ei^n+i = —© A e^+i and let ui,... ,Un be the dual basis 
for pQ. We let (X for injections) be the set of all ordered Ltuples of distinct 
elements / = (h, L, • • •, h) from { 1 , 2 ,..., n}, that is, the set of all injections from 
the set {!,...,£} to (1,..., n}. We let {S for stricly increasing) be the 
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subset of strictly increasing f'-tuples. We define ooi for I G Xi^n by 

ui = A ■ ■ ■ A Ui^. 

A n 

Pq)'^ is, by Equation (12.dh given by 

VOI = Wi A • • • A OJn- 
k 

Now let = © V. We will use v to denote the element (vi,V 2 , 

i=l 

We will often identify with the ((n + 1) x fc)-matrices 

( \ 

Xii Xi2 ■ ■ ■ Xik 

^nl ^n2 ‘ * ‘ ^nk 

ytl t2 ■ ■ ■ tk j 

over M using the basis ei,, e„+i. Then v will correspond to the {n + 1) x k matrix 
X where Vj is the column of the matrix. 

Let f + be the span of ei,..., e„ and W be the span of e„+i. Then we have 
the splitting V = V+(BV- and the induced splitting (BVK We dehne, for 

1 < A j < fhe quadratic function G Pol(lA^) for v G by 

Aji^) = {Vi,vj). (4.2) 

We let TZk = TZkiy^) be the subalgebra of Pol(lA^) generated by the for 
1 < AJ ^ We note that 

7^fc = Pol(l/^)°(") 

is the algebra of polynomial invariants of the group 0(n) (the “First Main Theorem” 
for the orthogonal group, j^, page 53). Since (as a consequence of our assumption 


(4.1) 

■■■ ,Vk)^V\ 
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fl4.3p immediately below) we will have A; < n, it is a polynomial algebra. This follows 
from the “Second Main Theorem” for the orthogonal gronp, [^, page 75. We will 
assnme that 

k < n (4.3) 

for the remainder of this chapter. 

For K = S0{n),0{n) (embedded in SO(n, 1) hxing the last coordinate), or 
0(n) X 0(1), any complex so{n, 1) x iF-modnle V, and p : 0(?7,, 1) End(V), we 
define 

C'’(so(n,l),iF;V) 

by O*(5o(n, 1), 77; V) = ( /\ Po ® d = A.{ua) ® A e„+i) as in Borel 

Wallach [BorW] . Thronghont this chapter, the symbol C will denote the complex 
C* (so(n, 1), SO(n);Pfc). 

4.2.1 The relative Lie algebra complex with values in the Fock model 

Similar to the above identihcation, we identify {V (8)C)^ with the ((n +1) x k)- 
matrices 

/ \ 

^11 2^12 • • • Zik 

^nl ^n2 * * * ^nk 

^Wi W2 ••• Wkj 

over C nsing the basis ei,..., e„+i. Then v will correspond to the (n +1) x /c matrix 
Z where vj is the colnmn of the matrix. 
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The earlier splitting V = V+ © VT induces the splitting {V © C)^ = (V+ © 
C)^ © [V- © C)^. By abuse of notation, we dehne, for 1 < f, j < A;, the quadratic 
function rij G Pol((V+ © C)^) for v G (V+ © C)^ by 

= {vi,Vj). ( 4 . 4 ) 

Here ( , ) denotes the complex bilinear extension of ( , ) to H © C. 

We let TZk{V+ © C) = Pol((V+ © We will abuse notation and 

sometimes use the symbol TZk in place of TZkiV^ © C). The meaning of TZk should 
be clear from context. We note that the r^j, I < i, j < k, generate TZk- 

In the following we will be concerned with the relative Lie algebra complex 
where 

C''(so(n,l),SO(n);Pfc) = ( A'(PS) ® 

and d = with 


” (9^ 

^ 0 ) ^ ^ A{Ua) © ^ - ZajWj), l<j<k. ( 4 . 5 ) 

a=l ^ 

Recall that 

C'’(so(n,l),SO(n);Pfc) ^ C'’(so(n, 1, C), SO(n, C); n) 

where C'’(so(n, 1, C), SO(n, C); Pfc) = (/\’p* © 

Note that there is the tensor product map Va®Vb^ Va+b given by 

(/i /2)(v) = /i(ni, • • • ,na)/2(w+i, • • • , W+b). 
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The tensor product map induces a bigraded product 


C*(so(n, l),SO(n);T’o) ® C^(so(n, 1), SO(n); T’s) -)■ C"+-'( 0 o(n, 1), SO(n); Pa+j) 

(4.6) 


which we will call the outer exterior product and denote A given by 


{uji <S) fi) A {uj (g) fj) = [ui A uj) ® if I 0 fj) = {ui A uj) 0 fifj. 


We also have, for / G Vk, the usual multiplication of functions 


f{<^i 0 fi) = w/ 0 ///. 

A key point in the computation of the /c-coboundaries is a product rule for d 
relative to the outer exterior product. To state this suppose tjj is an outer exterior 
product 

^(v) = A i)2{v2) A ■ • ■ A i)k{vk) 

where deg('^j) = Cj. Then we have 

k 

dtl) = ^(—A ■ ■ ■ A d^'^'^ipi A • • • A ipk- (4.7) 

i=l 

We dehne the cocycle G C^(so(n, 1), SO(n);Pi) by 

n 

a.=l 

We then dehne (pk G C^(5o(n, 1), SO(n); Vk) by 

(pk = A ■ ■ ■ A . (4.8) 
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Here a superscript (i) on a term in a fc-fold wedge as above indicates that the term 
belongs to the z-th tensor factor in Vk- Since ipi is closed and d satishes fl4.7p . it 
follows that ipk is also closed. The cocycle (pk and its analogues for SO{p,q) and 
SU {p, q) played a key role in the work of Kudla and Millson. 

4.3 Some decomposition results 

For 1 < i,j < k, we dehne the following second order partial differential 
operator acting on Pol((V4 0 C)^) 

" 02 

. 9Zq> iUZ(y_ j 
a=l ’ 

We dehne "HllVd 0 C)*^) to be the subspace of harmonic (annihilated by all 
Aij) polynomials. Then we have the classical result, see Lemma 5.3, (note 

that we have reversed their n and k) 

Theorem 4.3.1. 1. The map 

p(rii, ri2, ..., Tkk) 0 h{zu, 2 : 12 , ..., Znk) ^ p{rii,ri2, • • •, rkk)h{zu, 2 : 12 , ..., Znk) 
induces a surjection 

nk{y+ 0 c) 0 ® cf) ^ po1((14 0 cf). 

2. In case 2k < n the map is an isomorphism. 

Remark 4.3.2. ITe will denote this surjection by writing 

Pol((l/+ 0 C)^) = nk{V+ 0 C) • %{{¥+ 0 C)^). 
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We will need the following three decomposition results. First, recall h+ is the 
span of Cl,..., Cn- Then we have 

Lemma 4.3.3. 

Pfc = Pol((f4 0C)'^)®C[w;i,...,w;fc] 

and 

Lemma 4.3.4. 

Pol((f4 ® C)^) = C[rn, ri 2 ,..., r^k] ■ n{{V+ C)"). 

We make the following dehnition 

Definition 4.3.5. 

Sk = = C[rii, ri2,..., Tkk, wi,..., Wk]. 

Then we have 

Lemma 4.3.6. 

Vk = Sk-n{{v+^c)’^). 

It will be very useful to us that as SO(n)-modules we have 

p ^ p* ^ 14 C (4.9) 

and hence 

/\’(p-)= A’(r+ 0 C). (4.10) 
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A ^ 

4.4 The occurrence of the 0(n, C)-module A (fA 0 C) in 

?{((v+^cy) 

In this section we compute the A (V4 0 C) isotypic subspaces for 0(n, C) 
acting on 'H((t+ 0 C)^) where we identify V4 0 C with C"" and hence 0(1/+ 0 C) 
with 0(n, C) using the basis Ci,..., e„. 

It is standard to parametrize the irreducible representations of 0(?7,,C) by 
Young diagrams such that the sum of the lengths of the hrst two columns is less 
than or equal to n, see j^, Chapter 7, §7. In ra. Howe dehnes the depth of an 
irreducible representation to be the number of rows in the associated diagram. 

Lemma 4.4.1. 

Homo(n,c) ( (I/+ 0 C), 'H((I/+ 0 C)^)) ^ 0 if and only i < k. 

_ . e 

Proof. We will use Proposition 3.6.3 in |Ho] . A (1+0C) corresponds to the diagram 

A e 

{y+ 0 C) has depth £. But, 
Proposition 3.6.3 states that a representation of depth £ occurs in 'H((l+ 0 C)^) if 
and only ii ^ <k. 

□ 

Remark 4.4.2. The lemma also follows from Proposition 6.6 (n odd), and Propo¬ 
sition 6.11 (n even) of Kashiwara-Vergne, IKa Vf . 

Lemma 4.4.3. 
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1. IfUl is an irreducible representation of 0{n,C), then 


U 2 = Romoin,c){Ui,n{{V+ 0 C)^)) 

is an irreducible representation of GL{k,C). 

2. Hence, given Ui as above, there exists a unique representation U 2 of 

GL(fc,C) such that we have an 0(n,C) x GL(k,C) equivariant embedding 

: Ui ^ U2 ^ n{{v+G C)^). 

Proof. Statement (1) follows from Proposition 5.7 of Kasliiwara-Vergne |KaV] . 
Statement (2) follows from statement (1). 

□ 

A i 

(V+0C), then U 2 is 

£ £ 

yA^ (C^) and hence the ^ {V+ 0 C) isotypic subspace for 0(n, C) in 'H({y+ 0 C)*') 
is yA^ {V+ 0 C) 0 yA^ (C^) as an 0(n, C) x GL(fc, C)-module. 

Proof. This is an immediate consequence of Howe ra Proposition 3.6.3 or 
Kashiwara-Vergne [KiVj Theorem 6.9 (n odd) and Theorem 6.13 {n even). 

□ 

In the next section we construct an explicit 0(n, C) x GL(fc, C)-intertwiner 

T : y/\V+ ® C) 0 /\\c^) ^ n{iV+ 0 C)’^). 

Thus we will give a direct proof of Lemma 14.4.41 and the “if” part of Lemma 14.4.11 
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4.5 The intertwiner T 


In what follows we will identify the space Honi(C^, 0 C) with the space of 
n hy k matrices using the basis ci,..., Cn for V+. That is, 

Hom(C^ 14 C) = (C^)* ® {V+ 0 C) = {V+ 0 C)^ = Mn,k{C). 

Let i < k. Let J = (ji,... 0t) be in and / = (ii, * 2 , • • •, h) be in that is, 
strictly increasing f'-tuples of elements of {1,..., /c} and {1,..., n} respectively. Let 
ei,..., Cfc be the standard basis for and ai,... ,ak be the dual basis. Let [e]} 
be the basis of yAy (14 0 C)* dual to the basis {e/} of yA^ (14 0 C). Now dehne e/ 
and ej by 

6/ = A ■ • ■ A and ej = A • • • . 

Then we dehne the intertwiner 

T ; /\V+ 0C)0 /\^C^ ^ Pol(Hom(C^ I 4 0 C)) 

'i(e,<g,ej)(Z) = e’,{/\‘(Z)(e,)]. 

Here Z G Hom(C^, I 40 C) and yA^ (Z) : yA^ (C^) —)■ yA^ (I 40 C) is the 4^ exterior 
power of Z. Clearly T is nonzero. 

Now dehne fj^j{Z) to be the determinant of the ihy i minor given by choosing 
the rows 4,4, • • •, 4 and the columns ji,... ,4 of 0 G Hom(C^, I 4 Z) C) regarded 
as an n by /c matrix. Then we have 

Lemma 4.5.1. 

T(e/0ej)(0) = 4,j(0). 
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Lemma 4.5.2. fi^j{Z) is harmonic. 


Proof. Given a monomial m, we have Ajj(m) 7 ^ 0 if and only if m = Za^iZajm' for 
some 1 < a < n and non-zero monomial m'. But since fi^j is a determinant, it is 
the sum of monomials each of which has at most one term from a given row. That 


IS, 




dz ■ dz 


fiAz) = 0 


for all i,j, a and thus Aij (/ 7 ^j(Z)) = 0 term by term. 


□ 


Corollary 4.5.3. The intertwiner T maps to the harmonics, that is 

T ; /\V+®C)® /\^C^ ^n{{V+Z)C)^). 

We leave the following proof to the reader. 


Lemma 4.5.4. T is 0(n, C) x GL{k,C)-equivariant. That is, for g G 0(n, C) and 

g'eGUkX), 


/\'(g')(^j))(Z) = 1>{ei»(j){9-'Zg'). (4.11) 

~ A ^ h 

We note that T is equivalent to a bilinear map T from A (V+ 0 C) x A 
to l-i{fy+ 0 C)^) where r) = 0 r). We dehne 


T' ; /\ V") ^ Homo(„,c) ( A V+ C), ((G+ 0 C)'^)) 


by 


vI/'( 6 j) = T(.,ej)= fj,je}. (4.12) 
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We define 

d',/ = ^'(ej) G Homo(n,c) (A' (\4(8)C),-H((\4(8)C)'^)) 

and thus 

>t,;(Z) = 51 f’AZy,- 

£ £ 

We now compute Homo(n,c) (/\ (v;®c),7{((\4®c)'=)). Since /\ (v;®c)® 

A t 

(C^) is an irreducible 0(n, C) x GL(/c, C)-module it follows that d' is injective. 

A r 

(1A+ ® C) isotypic subspace of 'H(lAp). By 

Ai 

(Vii_ (8)C)-isotypic subspace is isomorphic to this 
tensor product as an 0(n, C) x GL{k, C)-module which is irreducible. Hence d/ is a 
nonzero map of irreducible 0(n, C) x GL(A;, C)-modules and hence an isomorphism. 
Thus T' is an isomorphism of C-vector spaces and we have 

Lemma 4 . 5 . 5 . {d/j ; J G Sm,k] is a basis for the vector space 

Homo(n,c)( AV+ C),?f ((14 (8) C)"^)). 

Proposition 4 . 5 . 6 . {d/j : J G is a basis for the Sk-module 

Homo(n,c) (A (^+ G) C), Pfc). 

Proof. By Lemma [4.5.51 we have {d/j ; J G is a basis for the C-vector space 
Homo(n,c) (A (14®C),'H((h+®C)*')). Since Homo(n,c)(C, •) is exact, the surjection 
Sk ® 'H((V+ ® C)^) —)■ Vk induces a surjection cf) from the C-vector space Sk ® 
Homo(n,c) ( A ® ^((^+ G C)*^)) to the C-vector space Homo(n,c) (A'(''+® 

C),Vk) , given by 0(/ ®T) = fT and thus 

{Tj : J G Si^k} spans Homo(n,c)( A G ^),'Pk) as an iSfc-module. 
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We now show the elements of this set are independent over Sk- We claim that 
if Zq G Hom*^(C^, the set of injective homomorphisms, then {'hj(Zo)} is an 

A e . £ 

{Zo)ej E A (V+ ® C). And, since 

A e 

(Zo). Thus, since {ej} is an independent set over C and 

A m * £ 

(Zq) is an injection, { A (Zo)ej} is an independent set over C. 

Following Equation fl4.4p we have the quadratic 0(n, C)-invariants rij{Z) for 
Z E Hom(C^, V+0C), where rij{Z) = (Z(ei), Z{ej)) is the inner product of columns. 
We will regard Vij both as matrix indeterminates and functions of X. Recall Sk = 

C[rii,ri2, .. .,rkk,wi,.. .,Wk]. 

Now suppose there is some dependence relation over Sk where t G and we 
abbreviate r = (rn, ri 2 , ..., Vkk) 

^pj(r(Z),t)>I>.,(Z)=0. 

./ 

Then for each (Zo,to) G Hom°(C^, h+) x C^, since {Tj(Zo,to)} is independent over 
C, we have that pj(r(Zo),to) = 0 for all J . And since k < n, Hom°(C^, 4+) x 
is dense in Hom(C*^, 4+) x C^, and thus we have pj = 0 for all J. 

□ 


4.6 Computation of the spaces of cochains 

Recall that 0{n) C 0(n, 1) is the subgroup that hxes the last basis vector 

Cn+l- 

Recall Xa^n was dehned to be the set of all ordered a-tuples of distinct ele¬ 
ments from {1 ,..., n}, equivalently the set of all injective maps from {1 ,..., a} to 
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{1,..., n}. We recall Sa,n C Xa.n is the set of all strictly increasing a-tuples. Lastly, 
given / = (ii ,... ,ia) G Xa^n, we define the set I = {ii,..., ia} C n}. Note 

that this map restricted to Sa^n is a bijection to its image, the set of all subsets of 
size a of {1 ,..., n}. 

A I . n—i 

Po ^ A Po the Hodge star operator associated to the Rie- 

A i 

p* to be 

complex linear. Hence 

* o^i = (det o * for G 0(n, C). (4-13) 

We now observe that the complex C = C*(so(n, 1, C), SO(n, C); Pfc) is the 
direct sum of two subcomplexes Cj^ and C_. Indeed let t G 0(n, C) be the element 
satisfying 

t(ei) = —Cl and i{ej) = Cj, 1 < j < n + 1. (4-14) 

Then l acts on the complex C and commutes with d. We dehne C+ resp. 
C_ to be the +1 resp. —1 eigenspace of i ® t. Then we have 

c = c+®c_. 

Hence, H*{C) = H*{C+) © H*{C-). By Equation fl4.13p . * © 1 anticommutes with 
i® i and hence 

= (*©1)(C'^). 

Since © Cl, to compute C^ it suffices to compute C;^ and C^~^. Hence it 
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suffices to compute C+. We note 


= C'^(so(n, 1, C), SO(n, C); n)'®' 

= C''(so(n,l,C),0(n,C);Pfc). 

4.6.1 The computation of 

We recall Kk = C[rii, ri 2 ,..., Vkk] and 
Sk = 7lk[wi,..., Wk] = C[rii, ri2, ..., r^fc, tci, ..., Wk]. 

We define an isomorphism of iS^-modules 

Fi : Homo(n,c)( /\ (1+ ® C), Pfe) -t Homo(n,c)( /\ P, Tfc) 

e*j ® p ^ uji ® p 

and define, for J G by Ff(\l'j) = ^j. Hence 

Then by Lemma [4.4. II we have 

Lemma 4.6.2. = 0 for i > k. 

We then have the following consequence of Proposition 14.5.61 

Proposition 4.6.3. is a basis for the Sk-module C^. 

We now give another description of as the outer exterior product of 1 copies 
of ipi- That is, 


a • • • a fi,j = ^j- (4.15) 
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Remark 4.6.4. 


Cl = Suifk 

where (fk = as before. 

4.6.5 The computation of C- 

Since * <8) J is an isomorphism of iS^-modules from (7!!“^, we have, 

abbreviating (* ® to {*<P j), 

Proposition 4.6.6. 

Sk<Pj 

ct= Y. 

/k\ 

where if i > j then Sij is the empty set. In particular for 0 < i < k and 

zero for i > k, whereas C^_ = for i > n — k and zero for i < n — k. 

4.7 The computation of the cohomology of C+ 

We will compnte the cohomology of the associated graded complex Eq = gr{C). 
By Remark 13.2.41 onr differential is dop- We abnse notation and call this operator 
d. We will see there is only one non-zero cohomology gronp and nse the results of 
Section 13.11 to compute the cohomology of the original complex. 

Throughout this section, J will denote an element of S^^n- To simplify the 
notation in what follows, we will abbreviate u(^ip to (foj for u G ^ p* and y G Vk- 
In particular. 


65 






(4.16) 


Recall we have fixed k with k < n and we have the ring 

Sk = C[rii, ri2,..., Tkk, wi,..., Wk]. (4.17) 

For 1 < i < k, J E Se^k, ii i ^ J, then we denote by {J,i} the element of Se+i^k 
that corresponds to the set J U {i}. Now we define <Pj^i G by 


^j,i = < 


where J(i) is defined as follows. 


\iiij 

0 if i G J. 


(4.18) 


Definition 4.7.1. J{i) = \{j E J j < i}\ is the number of elements of J less than 

i. 


We remark that the reason for the sign (—1)*^^^ in this notation is that we 
have put the i in the appropriate spot instead of the beginning. In particular, we 
have the following lemma. 

Lemma 4.7.2. 

yy A^j = 

The following formula for d is then immediate. 

Proposition 4.7.3. 

k k 

d<Pj = ^ Wi^pf A ^ (4.19) 

i=l i=l 
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4.7.4 The map from gr(C'+) to a Koszul complex Kj^ 

We define to be the complex given by 

/t* = yAy ((C^)*) 0 iSfc with the differential A{dwi) ^Wi. (4.20) 


Here Wi,... ,Wk are coordinates on and dwi,..., dwk are the corresponding one- 
forms. 

We define a map 4 / 4 . of iSfc-modnles from the associated graded complex gr(C'+) 


to by sending <d>j to dwj. In particular, this sends dwi. Recall that the 


degrees ^ such that is non-zero range from 0 to k. 

The following lemma is an immediate consequence of Proposition 14.7.31 We 
leave its verification to the reader. 

Lemma 4.7.5. 4/_|_ is an isomorphism of cochain complexes, T.!. : gr(C'_|_) K^. 

We now compute the cohomology of the complex , dx_^_ • 

Proposition 4.7.6. 

1. H^{K+) = 0,i^k 

2. H^{Kjf) = Sk/{wi,..., Wk)dwi A • • • A dwk = TZkdwi A • • • A dwk- 
We first prove statement (1) of Proposition 14. 7. 61 We first note that 



is the differential in the Koszul complex ..., Wk) associated to the sequence 

of the linear polynomials tci,... ,Wk, see Eisenbud 0 . Section 17.2. To see that 
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the Koszul complex as described in 0 is the above complex K we choose Sk as 
Eisenbud’s ring R and as Eisenbud’s module N. In our description we are 
using the exterior algebra A*((*^^)*) ® But the operation of taking the exterior 
algebra of a module commutes with base change and hence we have /\*{{C^)*)^Sk = 
Then we apply Eisenbud’s construction with the sequence wi,... ,Wk to 
obtain the above complex K^. We recall that /i,..., A is a regular sequence in a 
ring R if and only if /j is not a zero divisor in R/{fi,..., fi-i) for 1 < i < k. The 
following lemma is obvious. 

Lemma 4.7.7. Wi,... ,Wk is a regular sequence in Sk- 

Statement (1) of Proposition 14.7.61 then follows from Lemma [4.7.7I above and 
Corollary 17.5 of [E] (with M = R), which states that the cohomology of a Koszul 
complex K{fi,..., fk) below the top degree vanishes if fi,..., fk is a regular se¬ 
quence. 

We next note that statement (2) of Proposition lTT^ follows from [E], Corollary 
17.5, which states that if fi,, fk is a regular sequence in the ring R then the top 
cohomology ..., fk)) is isomorphic to R/{fi,..., fk). 

We now pass from the above results for to the corresponding results for 

Theorem 4.7.8. 

1. H^{C+) = 0i^k 

2. H^{C+) = Skjfwx ,..., Wk)‘^k = 'R-k^k- 
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Proof. Since K+ is the associated graded complex of C+, the statement (1) is an 
immediate consequence of Proposition 14.7.61 and Proposition 13.1.121 

Statement (2) follows by applying statement (3) of Proposition 13.1.141 and 
noting that <Pk is the form ip^ of Kudla and Millson. 

□ 


4.8 The computation of the cohomology of C- 

We now compute the cohomology of the associated graded complex grlC-). 
As in the previous section, the differential is dop- Again, we abuse notation and call 
this operator d. We will see there is only one non-zero cohomology group and use 
the results of Section 13.11 to compute the cohomology of the original complex. 

In Proposition 14.6.61 we proved that {*4 )j : J E Sn-i,k} was a basis for the Sk- 
module Cf. Note that in order to obtain a cochain of degree i, we assume J G Sn-e,k 
instead of Se^k, since by Equation fl4.16p . for J G Sn^k^'^j = and hence 

^ (4-21) 

has degree n — i. For our later computations, we need to replace the determinant 
fi,j of fl4.2ip by the monomials zjj where zjj = In order to do 

this, we sum over all ordered subsets In-pn, instead of just Sn-e,n (those which are 
in increasing order), to obtain 

*<Pj= ^ zi^j{*ui). (4.22) 
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Using this basis we may identify C^_ with the direct sum of copies of Sk- 


4.8.1 A formula for d 


Our goal is to prove Proposition 14.8.21 a formula for d relative to the basis 
{*<d>j}. Recall that for J G Sn-e,k, and 1 < i < fc, we have J{i) is the number of 
elements in J less than i. For 1 < i < k, J ^ Si^k, if f G J, then we denote by 
{J — i} the element of Se-i^k that corresponds to the set J — (A- Now we define 
G by 


= 


ifzG J 

0 if i ^ J. 

Proposition 4.8.2. Assume | J| = n — i, then we have 


(4.23) 


^ ^ u>,r« » tj-,). 

jej i=i 

The proposition will follow from the next two lemmas. Note first that from 


the defining formula we have 


k n 

A (4.24) 

i=l 0=1 

In what follows we will need to extend the definition of J — j for J G Sn-e,k to 
elements I G In-e,n- Given I G In-e,n, we define the symbol I — ig to be the element 
(ii,..., U, • • •, in-e) ^ In-e-i,n, the symbol U indicating that the term U is omitted. 
We leave the proof of the next lemma to the reader. 
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Lemma 4.8.3. Given I E In-e,n, 


n—i 


S = 1 


Here da,is is the Kronecker delta 


^olAs *' 


1 if a = is 

0 if a ^ is 


Lemma 4.8.4. 


Zc,,iA{uJa) *^J = 


js 


a=l 


s=l 


Proof. By Lemma [4.8.31 

n n 

(y.=l 
n 

(-l)”-'-‘ » 5 ; A ... A A ... 


ol=1 


Q:=l 

n—i 


» 5^(-l)‘-‘(v>iA> A ... A .. .rf-'') 


S=1 


a=l 


where the second equality is by Equation fl4.15l) . However, 


n n 


^ Zq^jLea.n+l iPl ) ^ ^Ol,i ^ 1 ^I3,ja^ea,n+li.^l3) 


ol=1 


a=l / 3=1 
n n 

0=1 /3=1 


=Gjs- 
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We see that in the jf^ slot we have replaced (pi by (—1)^ the lemma follows. 

□ 

Proposition 14.8.21 follows by substituting the formula of Lemma 14.8.41 into 
Equation fl4.24p . 


4.8.5 The map from gr(C'_) to a Koszul complex K_ 


Dehne the cubic polynomials Cj G Sk by 




(4.25) 


i=l 


We note that the c* are the result of the following matrix multiplication of 
elements of Sk 


rii ■ 

■ rik 


Wi 


Cl 

, rfci • 

Zkk I 


[ '^k ; 


l ; 


We then dehne iP_ to be the complex given by 


k 

K*_ = yA^ ((C^)*) (8) Sk with the differential dK_ = A{dwj) (8) Cj. (4.26) 

i=i 

In order to obtain an isomorphism of complexes we need to shift degrees ac¬ 
cording to the following dehnition. 

Definition 4.8.6. Let M be a cochain complex and j an integer. Then we dehne 
the cochain complex M[j] by (M[j])* = 
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We define a map \I/_ from the associated graded complex gr(C'_)[n — kY to 
K^_ by sending to *dwj. Here by * we mean the Hodge star for the standard 
Euclidean metric on extended to be complex linear. Note that the degrees i such 
that C-[n — kY is nonzero range from 0 to fc. 

The following lemma is an immediate consequence of Proposition 14.8.21 We 
leave its verihcation to the reader. 

Lemma 4.8.7. 4/_ is an isomorphism of cochain complexes 

T. : gr(C_)[n — k] ^ K_. 

We now compute the cohomology of the complex K _, dK_ ■ 

Proposition 4.8.8. 

1. hYk.) = o,i^k 

2. H^{K_) = 5fc/(ci,..., Cfc)vol. 

We mimic the proof of Proposition l3.4.lTIl We note is the differential in the 
Koszul complex K{ci ,..., c^) associated to the sequence of the cubic polynomials 
Cl, lEI. Section 17.2. It remains to show {cj} is a regular sequence. 

Lemma 4.8.9. The sequence (ci,..., Ck) is a regular sequence in Sk- 

Proof. We follow the method of proof of Proposition 13.4.81 By Lemma 13.4.61 we 
see that (rnWi,..., rkkWk) is a regular sequence in C[rii, r 22 ,..., rkk, wi,..., Wk]- 
We now examine the sequence a = Ci,..., Ck) of “super-diagonal” {rij}i<j 
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followed by Cl,..., Cfc. That is, 


O' — (^"12, ?"13, • • • , ■'"23, • • • , • • • , Cl, ... , Cfc). 

It is clear that the “super-diagonal” rjj form a regular sequence since they are 
coordinates. To check if the c* are regular we work in 

<Sk/{{rij}i<j) = C[rii,r22,.. .,rkk,Ci,.. .,Ck]. 

The image of Cj in this quotient ring is raWi which form a regular sequence. 

Now we apply Lemma 13.4.41 to reorder a and note that (ci,..., c^, is 

a regular sequence. Hence (ci,..., Ck) is a regular seqeuence. 

□ 

Proposition I4.8.8l then follows by the same argument that appears after Lemma 

\rm 

We now pass from the above results for to the corresponding results for 
C-. 

Theorem 4.8.10. 

1. H\C_) ={) 

2 . //-(C.) ^5fc/(ci,...,cfc). 

Proof. Since K_ is the associated graded complex of C_[n — k], statement (1) is a 
consequence of Proposition 14.8.81 and Proposition 13.1.121 

Statement (2) follows by applying statement (3) of Proposition 13.1.141 

□ 
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4.8.11 Infinite generation of H'^{C) as an 7?./;-module 

We will now demonstrate that H^{C) is not finitely generated as an TZj^- 
module. In what follows, recall vol = cui A • • ■ A a;„. 

Proposition 4.8.12. The map from C[tai,... ,Wk\ to sending f to [/vol] 

is an injection. Furthermore, C[tai,... ,Wk\ generates over IZk- 

Proof. There is an inclusion of polynomial algebras 

C[tci, ...,Wk\^ Sk. 

This map has a right inverse, tt, where Ti{wi) = Wi and 7r(rjj) = 0. Then since 
7r(cj) = = 0, TT descends to a right inverse from iSfc/(ci,..., c^) —)■ 

C[tci,..., Wk\. Hence the map is injective. 

The second statement is obvious since C[tci,... ,Wk] generates Sk as an TZk- 
module. 

□ 

Remark 4.8.13. Note that 

1. If k n, then 

H^{C) = R”(C'_) = 5fc/(ci,..., Cfc)[vol]. 

2. If k = n then 

= 5„/(Ci, . . . , Cn)[vol] © IZn^Pn- 
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4.8.14 The decomposability of H^{C) as a sp(2/c, M)-module 


Define 4 G 0(n, 1) by i\ej) = e^, 1 < j < n and d(e„+i) = —e„+i. Then since 
l' acts on (A and commutes with d, it acts on H^{C). Since 

has order two, we get the eigenspace decomposition into the —1 and +1 eigenspaces 

Lemma 4.8.15. and are nonzero. 

Proof. Note that d(vol) = (—l)'^vol and if p{wi,..., Wk) is homogenous of degree a, 
then = (—l)“p. Hence i' ® d([vol0p]) = (—l)"^+“[vol 0 p]. 

□ 

Since the action of d on Vk commutes with the action of sp(2A;,M), the above 
decomposition of H"'{C) is invariant under sp(2A;,M). 

4.9 A simple proof of nonvanishing of 

In what follows we let G be a connected, noncompact, and semisimple Lie 
group with maximal compact K. We let n = dim(G/iL) and V be a (g, iL)-module 
with V* the dual. 

Lemma 4.9.1. Suppose either 

(1) V is a topological vector space and K acts continuously. Furthermore, 
assume there exists a nonzero g-invariant continuous linear functional a G (V*)® 
or 
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( 2 ) there exists a g-invariant linear functional a and a K-invariant vector 
V eV such that a{v) ^ 0 (no topological hypotheses needed). 

Then H^{g,K-V) ^ 0. 

A n 

(p*) which is of 

unit length for the metric induced by the Killing form and of the correct orientation. 
Then vol 0 n is invariant under the product group KxK, hence is invariant under the 
diagonal and hence gives rise to an n-cochain with values in V which is automatically 
a cocycle. Let [vol < 8 ) n] be the corresponding cohomology class. Now a induces a 
map on cohomology 

a,-.H^{g,K-,V)^H^{g,K-,R). 

But H^{g, K]'R) is the ring of invariant differential n-forms on D = G/K. Thus 
H"^{g, K-,W) = M[vol]. Finally, we have 

a* [vol 0 n] = [vol 0 Q;(v)] = Q;(n)[vol] 7 ^ 0 . 

Hence, [vol 0 n] 7 ^ 0. 

Now we reduce (1) to ( 2 ). Since a 7 ^ 0 there is some v eV such that a{v) 7 ^ 0. 
Let dk be the Haar measure on K normalized so that Jj^dk = 1. We dehne the 
projection p : V ^ by 

p{v) = k ■ vdk. 

Jk 

The reader will verify since a is K invariant and a{v) is continuous in V that 

a{p{v)) = a{v). 
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Hence 


a{p{v)) 7 ^ 0 and p{v) G . 

Now the result follows from the argument of case (2). 

□ 

We will apply (2) for the following examples. Let G = SOo(p, q) 

(resp SU(p, g)), K = SO{p) x SO(g) (resp S(U(p) x U(g))), V = (resp 
and V = the space of Schwartz functions. Then if a = (5o, the Dirac delta 

distribution at the origin, a is a non-zero element of (V*)®. Hence, we have proved 

Theorem 4.9.2. For V = 

1. HPi{so{p,q),SO{p) X S0(g);5(H^)) ^ 0 

2. H'2p'?(u(p,g),U(p) X U(g);5(H^)) ^0. 

We give one more example which uses (l).Then (choosing a to be the Dirac 
delta function at the origin of H) we have 

Theorem 4.9.3. Let G be a connected linear semisimple Lie group, K a maximal 
compact subgroup and n = dim(G/iL). Let V be a finite dimensional representation 
and iS(H) be the Schwartz space ofV. 
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4.10 The extension of the theorem to the two-fold cover of 0(n, 1) 


4.10.1 A general vanishing theorem in case the Weil representation 
is genuine 

Proposition 4.10.2. Suppose G is a semi simple subgroup of S'p{2N,'R). Let G —)■ 
G be the pullbaek of the metaplectic extension of Sp(2iV, on4 K be a maximal 
compaet subgroup ofG. If some element of the eenter of G acts by a multiple of the 
identity which is not one so, in particular, if the center of G acts by a nontrivial 
character, then for all i 

G\g,K-,W) = 0. 

Hence the cohomology groups are all zero. That is, for all i 

H^{g,K-,W) = 0. 


Proof. Let Z{G) be the center of G and suppose 2 : G Z{G) acts by a nontrivial 
multiple of the identity. Suppose generates the subgroup A of Z{G). Then A C K 
and we have 

Hom^( A' p*,W) C Hom^(/\%hW)- 

But since Z{G) acts by conjugation on p*, it acts trivially on p* and hence A acts 
trivially on A p*. But 2 : acts by a nontrivial multiple of the identity on W. Hence 


Hom^(/\'pMT) = 0. 


□ 
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4.10.3 The computation for the two-fold cover of 0(n, 1). 


In light of Proposition 14.10.21 we must twist the Weil representation by a 
character such that the center of 0(n, 1) acts trivially. 

It is important to give the analogues of the results for SOo(n, 1) when we 
replace the connected group SOo(n, 1) by the covering group 0(n, 1) (with four 
components) of 0(?7,, 1) and hence the maximal compact SO(n) in SOo(n, 1) by the 
maximal compact subgroup K = 0(n) x 0(1) of 0(n, 1). Here 0(n, 1) denotes the 
total space of the restriction to 0(?7., 1) of the pull-back of the metaplectic cover 
of Sp{2k{n + 1),M) under the inclusion of the dual pair 0(n, 1) x Sp(2fc,M) into 
Sp{2k{n + 1), M). Let zuk be the restriction of the Weil representation of Mp(2A;(n-|- 
1),M) to 0(n, 1) under the embedding 0(n, 1) —)■ Mp(2A;(n -|- 1),M). The following 
lemma is a consequence of the result of Section 4 of |BMM2] ). We believe it is more 
enlightening to state the following lemma in terms of a general orthogonal group. 
Note that the required results for 0{p,q) follow from those of |BMM2] for U{p,q) 
by restriction. 

Lemma 4.10.4. 

1. The central extension 0{p,q) 0{p,q) is the pull-back under 

deto(p_g) : 0{p,q) —)■ C* of the twofold extension C* —)■ C* given by taking the 
square. Hence, the group 0{p,q), has the character the square-root 

o/deto(p,,). 

2. The character is “genuine” (does not descend to the base of the cover) 
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if and only if k is odd. 


3. For both even and odd k, the twisted Weil representation deseends 

to 0(p,g). 

4 . The indueed aetion of K = 0{p) x 0(g) by Wk 0 on the vaecuum 

vector fjQ (the constant polynomial 1) in the Fock model Vk is given by 

{wk®detQ{p,q)){k+,k-)[i)o) = deto{q){k-fi)o. 

Applying items (1),(2),(3) and (4) to the case in hand, we obtain 

Proposition 4.10.5. The action of K = 0(n) x 0(1) on Vk under the restriction 
of the Weil representation twisted by detQ^^^ is given by 

(wfc0deto(,^^i))(/c+,/c_)(99)(v) = deto(i){k_)^ (p{kf^kZ^v). 

The cohomology groups of interest to us now are the groups 

_ k/2 

H^{so{n, 1), K;Vk 0 det). 

The goal in this subsection is to prove 

Theorem 4.10.6. 


1. If k < n, 


H^{so{n, 1), 0(n) x 0(1); Pol((V 0 C)*^) 0 det^) 



ifl = k 
otherwise. 


81 



2. If k = n, 


H^{so{n,l),0{n) x 0(1); ® det 2 ) 


' 

Hn^n ifi = n 

< 

0 otherwise. 


3. If k > n, 


H^[5o{n, 1), 0(n) x 0(1); ® det 2 ) 


nonzero if £ = n 

< 


0 otherwise. 

We now prove Theorem l4.lU.6i Put K = 0(n) x 0(1). Then from (3) of 
Lemma [4. 10.41 the restriction of the twisted Weil representation of K descends to K 
and we have 


0^(so(n,l),W;Pfc(8)det''/2) = O^(so(n, 1), W; (g) det'^/^). (4.27) 

We use the notation C^ifPk) = O^(so(n, 1), S0(?7,);Pfc). 

Note (0(n) x 0(1))/S0(?7,) = Z/2 x Z/2 and apply Proposition 14.10.51 to the 
right-hand side of Equation fl4.27p to obtain 

C''(so(n, l),K-Vk ® det'^/^) ^ {C\Vk) ® ■ 

On the right-hand side of the above equation, we have extended the action of SO(?7,) 
on iy (g) C)*' to the action of 0(n) given by 

k^p{v) = (p(fc“^v). 

Now recall that C^{Vk) = © Of. and hence 

C^Vk ® deto(i))^^^''^/^ = (0+ ® deto(i))^/^''^^^ © {Cf ® deto(i))^/^''^/^. 
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Since the element (1, 0) G Z/2 x Z/2 acts by the element t (see Equation fl4.14p i 


and C- is dehned to be the —1 eigenspace of the action of we have = q 

and hence {C- ® deto(i))^^^^^^^ = 0. Hence 

C%so{n, 1), K- Vk ® det'^/') = 0 det^(i))^/2xz/2_ 

Hence we have 


H^{soin, 1), K; Vk ® det'^/') = {H\C+) ® ■ 

Remark 4.10.7. Note that (pi is invariant under 0{n) and transforms under 0(1) 
by deto{i)- Since (fk is the k-fold exterior wedge of ipi with itself, it follows that ipk 
is invariant under 0(n) and transforms under 0(1) by detQ(-]^). This is the reason 
for twisting the Fock model by det^^^. 


Lemma 4.10.8. 


H\C+) = (71^(0+) 0det^(i))^/2^^/2_ 


Proof. By Theorem 14.7.81 


H\C+) 


' 

TZk^fk a i = k 

< 

0 otherwise. 


By Remark [4. 10. 71 transforms by deto(i) and hence H^(C+) transforms by deto(i) 

and the lemma follows. 


□ 


As an immediate consequence of the previous lemma we have 
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H^[so{n, 1), 0(?7,) X 0(1); Pol((V 0 C)^) 0 detz) 


TZk^Pk ii i = k 


= 


0 otherwise. 


and statements (1) and (2) of Theorem 14. 10.61 follow. 

We now prove statement (3). Thns, we have k > n. The vanishing part (for 
i < n) of statement (3) follows from the vanishing statement in Theorem 13.3.11 It 
remains to prove nonvanishing in degree n. To this end, we mnst exhibit classes 
in H^{A), where A is defined as in Eqnation fl3.16p . which, once twisted by det 2 , 
are 0(n) x 0(l)-invariant. By Proposition 13.4.101 we have (this is before we take 
invariance), 


0 


H\A) = < 


ifi^n 


Pfc/(gi, ■ ■ ■ ,gn)vol ifl = n. 

\ 

It remains to hnd a nonzero element which is invariant. First, a definition and 
a lemma. Dehne det+ to be the determinant of the npper-left (n x n)-block of 
coordinates. That is, det+ is the determinant of the n x n-matrix {zai)i<a,i<n- 


Lemma 4.10.9. The map from <C[wn+iT ■ ■ ,Wk\ to Vk/{qi, ■ ■ ■ ,qn) sending f to 
/det+ is an injection. 


Proof. We will show that this map has kernel zero. Snppose f{wn+i, ■ ■ ■, tCfc)det+ G 
(gi,..., g„). Now pass to the qnotient where we have divided by the “off-diagonal” 
Zai- Then 


f{wn+i, ..., Wk)det+ f{wn+i, ..., Wk)znZ22 ■ ■ ■ ^nnQa. * ^ 
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By assumption, / e ^^ 22 : 22 , • • •, WnZnn) C (wi,..., w„). Hence 

/(^n+l) • • • ) ^fc) n ^OLGL e (wi, ...,Wn) 

a 

and thus / = 0. 

□ 

By Lemma [4.10.91 the cohomology classes /(w„+i,..., Wfc)det+vol G H"‘{A) 
are nonzero. We now check if they are invariant. 

Let / be homogenous of degree a. Then for (/c+, k-) G 0(u) x 0(1) we have, 
by Lemma 14.10.41 

(A;+fc_)/det+vol = det(A;_)“+'=+”/det+vol. 

Thus, if a + fc + n is even this element is invariant and Statement (3) is proved. In 
fact, we have shown 

Proposition 4.10.10. Fork > n, ifk + n is even (resp. odd), then the even (resp. 
odd) degree polynomials f G C[tn„+i,..., Wk] inject into 
H^[so{n, 1), 0(?T,) X 0(1); Vk ® det 2 ) by the map f i-)- /det+vol. 
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